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Appendix A

Optimization Methods

“Since the building of all the universe is perfect and is created by the
wisdom creator, nothing arises in the universe in which one cannot
see the sense of some mazimum or minimum.”

— L. Euler

In this chapter, we give a brief introduction to some of the most basic but
important optimization algorithms used in this book. The purpose is only to
help the reader apply these algorithms to problems studied in this book, not to
gain a deep understanding about these algorithms. Hence, we will not provide
a thorough justification for the algorithms introduced, in terms of performance
guarantees.

A.1 Steepest Descent

Optimization is concerned with the question of how to find where a function, say
L(0), reaches its minimum value. Mathematically, this is stated as a problem:

arg min £(6), (A.1.1)
0€cO

where O represents a domain to which the argument 6 is confined. Often (and
unless otherwise mentioned, in this chapter) © is simply R™. Without loss of
generality, we assume that here the function £(6) is smooth®.

The efficiency of finding the (global) minima depends on what information
we have about the function £. For most optimization problems considered in
this book, the dimension of 8, say n, is very large. That makes computing or
accessing local information about £ expensive. In particular, since the gradi-
ent VL has n entries, it is often reasonable to compute; however, the Hessian
V2L has n? entries which is often wildly impractical to compute (and the same

n case the function £ is not smooth, we replace its gradient with a so-called subgradient.
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goes for higher-order derivatives). Hence, it is typical to assume that we have
the zeroth-order information, i.e., we are able to evaluate £(6), and the first-
order information, i.e., we are able to evaluate VL(6). Optimization theorists
may rephrase this as saying we have a “first-order oracle” All optimization
algorithms that we introduce in this section only use a first-order oracle.?

A.1.1 Vanilla Gradient Descent for Smooth Problems

The simplest and most widely used method for optimization is gradient descent
(GD). It was first introduced by Cauchy in 1847. The idea is very simple:
starting from an initial state, we iteratively take small steps such that each step
reduces the value of the function £(6).

Suppose that the current state is . We want to take a small step, say of
distance h, in a direction, indicated by a vector v, to reach a new state 6 + hv
such that the value of the function decreases:

L(0+ hv) < L£(6). (A.1.2)

To find such a direction v, we can approximate £(6 4+ hv) through a Taylor
expansion around h = 0:

L(0 + hv) = L(0) + h{VL(8),v) + o(h), (A.1.3)

where the inner product here (and in this chapter) will be the £2 inner product,
ie., (z,y) = 'y. To find the direction of steepest descent, we attempt to
minimize this Taylor expansion among unit vectors v. If VL(0) = 0, then the
second term above is 0 regardless of the value of v, so we cannot attempt to make
progress, i.e., the algorithm has converged. On the other hand, if VL(6) # 0
then it holds

i = arg min v :77V£(0)
alrfleg}lm[ﬁ(@)Jrh(Vﬁ(@)vvﬂ |§|€Rd (VL(O),v) 2GS (A.1.4)

In words, this means that the value of L£(6 + hv) decreases the fastest along
the direction v = —VL(0)/||VL(8)]||2, for small enough k. This leads to the
gradient descent method: From the current state 0, (k = 0,1,...), we take a
step of size h in the direction of the negative gradient to reach the next iterate,

Ops1 = O — RV L(Oy). (A.1.5)

The step size h is also called the learning rate in machine learning contexts.

2We refer the readers to the book by [WM22] for a more systematic introduction to opti-
mization algorithms in a high-dimensional space, including algorithms assuming higher-order
oracles.
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Step-Size Selection

The remaining question is what the step size h should be? If we choose h to
be too small, the value of the function may decrease very slowly, as shown by
the plot in the middle in Figure A.1. If A is too large, the value might not even
decrease at all, as shown by the plot on the right in Figure A.1.
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Figure A.1: The effect of the (constant) step size h on the convergence of the
gradient descent method.

So the step size h should be chosen based on the landscape of the func-
tion L£(0g). Ideally, to choose the best step size h, we can solve the following
optimization problem over a single variable h:

h = arg min £(0 — h'VL(6y)). (A.1.6)
>0

This method of choosing the step size is called line search; as hinted by the
notation, it is usually used to obtain an optimal learning rate for each iteration
k. However, when the function £(0y) is complicated, which is usually the case
for training a deep neural network, this one-dimensional optimization is very
difficult to solve at each iteration of gradient descent.

Then how should we choose a proper step size h? One common and classical
approach is to try to obtain a good approximation of the local landscape around
the current state 6 based on some knowledge about the overall landscape of the
function £(6).

Common conditions for the landscape of £(#) include:

e a-Strong Convexity. Recall that £ is «-strongly convex if its graph lies
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Figure A.2: Majorization-minimization scheme and intuition. A function
L: © — R has a global upper bound u: © — R which meets £ at at least one point 6.
Then, finding the 6’ which minimizes u will improve the value of £ from £(6). Note
that similar results can be shown about local upper bounds.

above a global quadratic lower bound of slope «, i.e.,
LO) 2 lo.a(0)) = LO) + (VLO),0' =)+ S0 =05 (A.L7)

for any “base point” 6. We say that L is convex if it is 0-strongly con-
vex, i.e., its graph lies above its tangents. It is easy to show (proof as
exercise) that strongly convex functions have unique global minima. An-
other important fact (proof as exercise) is that a-strongly convex twice-
differentiable functions £ have (symmetric) Hessians V2£ whose minimum
eigenvalue is > a. For a > 0 this implies the Hessian is symmetric positive
definite, and for & = 0 (i.e., £ is convex) this implies that the Hessian is
symmetric positive semidefinite.

(B-Lipschitz Gradient (also called S-Smoothness). Recall that £ has §-
Lipschitz gradient if VL exists and is -Lipschitz, i.e.,

IVL(O') = VLEO) 2 < BII6" — 6|2 (A.1.8)

for any “base point” 6. It is easy to show (proof as exercise) that this is
equivalent to £ having a global quadratic upper bound of slope g, i.e.,

LO) <ugp(0) = LO)+ (VLO),0 — 0) + §||9’ —02.  (A.1.9)

for any “base point” 6. Another important fact (proof as exercise) is that
convex (-Lipschitz gradient twice-differentiable functions have (symmet-
ric) Hessians V2L whose largest eigenvalue is < 3.
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First, let us suppose that £ has 8-Lipschitz gradient (but is not necessarily even
convex). We will use this occasion to introduce a common optimization theme:
to minimize L, we can minimize an upper bound on L, which is justified by the
following lemma visualized in Figure A.2.

Lemma A.1 (Majorization-Minimization). Suppose that u: © — R is a global
upper bound on L, namely L(0) < u(f) for all 0 € ©. Suppose that they meet
with equality at 0, i.e., L(0) = u(6). Then

0" € arg minu(f') = L(07) <u(0) < u(d) = L(H). (A.1.10)
0'cO

We will use this lemma to show that we can use the Lipschitz gradient
property to ensure that each gradient step cannot worsen the value of £. Indeed,
at every base point 6, we have that ug g is a global upper bound on £, and
ug,3(0) = L(0). Hence by Lemma A.1

if 0 minimizes ug g then L(07) <wupp(0") <wugp(d) = L(H). (A.1.11)

This motivates us, when finding an update to obtain 6;y; from 6y, we can
instead minimize the upper bound ug, g over 6 and set that to be ;4,. By
minimizing ug, g (proof as exercise) we get

9k+1 = 0k — %Vﬁ(@k) — £(9k+1) < ﬁ(ﬂk) (A112)

This implies that a step size h = 1/ is a usable learning rate, but it does not
provide a convergence rate or certify that £(y) actually converges to ming £(8).
This requires a little more rigor, which we now pursue.

Now, let us suppose that £ is a-strongly convex, has S-Lipschitz gradient,
and has global optimum 6*. We will show that 85 will converge directly to the
unique global optimum 6*, which is a very strong form of convergence. In par-
ticular, we will bound ||6* — 0|2 using both strong convexity and Lipschitzness
of the gradient of £, i.e., taking a look at the neighborhood around 6;,:*

16* = Ox1ll3 < 116* — O + AV L(Ok) |3 (A.1.13)
= |0* — Ox||3 + 2h(V L(O), 0 — Ox) + B2 VL(Ok)||3 (A.1.14)
(0%
< 10" = 003 + 20 (£(67) — £0) = S110" = 6u]13) + W2V LOW) 3

(A.1.15)
= (1 —ah) 16" — Ok 13 + 2h(L(67) — L(61)) + h*[[ VL) I3

(A.1.16)
< (1 —ah) [|0* = 0k|13 + 2h(L(0%) — L(61)) + 2h*B(L(Ok) — L(67))

(A.1.17)

31In this proof the B-Lipschitz Gradient invocation step is a little non-trivial. We also leave
this step as an exercise, with the hint to plug in 8 = g — hVL(6p) into the Lipschitz gradient
identity.

(a-SC)

(6-LG)
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Contour Plot of f(x,y) = 20x2 + y? Gradient Field -Vf
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Figure A.3: The negative gradient —V., and pre-conditioned (Newton’s
method step) vector field —[V>£,]"}[VL£,] where A = 19. There is a section of the
space where following the negative gradient vector field makes very little progress to-
wards finding the minimum, but in all cases following the Newton’s method vector field
achieves equal speed of progress towards the optimum since the gradient is whitened.
Since the Hessian here is diagonal, adaptive learning rate algorithms (e.g. Adam, as
will be discussed later in the section) can make similar progress as Newton’s method,
but a non-axis-aligned Hessian may even prevent Adam from succeeding quickly.

— (1= ah) 0" — 0ull3 — 2h(1 — BR)(L(OK) — £O*).  (A118)

In order to ensure that the gradient descent iteration makes progress we must
pick the step size so that 1 — Sh > 0, i.e., h < 1/8. If such a setting occurs,
then

16 = 0113 < (1= ah)[10" = Oxl3 < (1 — ah)?[|0" = O [l5 < -~ (A.1.19)
< (1 —ah)k 0 — 6o])3. (A.1.20)

In order to minimize the right-hand side, we can set h = 1/, which obtains
16" = Orrall3 < (1 —a/B)*FH6" — 6013, (A.1.21)

showing convergence to global optimum with exponentially decaying error. No-
tice that here we used a convergence rate to obtain a favorable step size of
h =1/p. This motif will re-occur in this section.

We end this section with a caveat: learning a global optimum is (usually)
impractically hard. Under certain conditions, we can ensure that the gradi-
ent descent iterates converge to a local optimum. Also, under more relaxed
conditions, we can ensure local convergence, i.e., that the iterates converge to
a (global or local) optimum if the sequence is initialized close enough to the
optimum.
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A.1.2 Preconditioned Gradient Descent for Badly-Conditioned
Problems

Newton’s Method

There are some smooth problems and strongly convex problems on which gra-
dient descent nonetheless does quite poorly. For example, let A > 0 and let
Ly: R? = R of the form

£(0) :L%[ZD - % {(1+A)62 + 62} = %{ﬂ [145A ﬂ 6. (A.1.22)

This problem is 1l-strongly convex and has (1 4+ A)-Lipschitz gradient. The
convergence rate is then geometric with rate 1 — 1/(1 + A). For large A, this
is still not very fast. In this section, we will introduce a class of optimization
problems which can successfully optimize such badly-conditioned functions.

The key lies in the objective’s curvature, which is given by the Hessian.
Suppose that (as a counterfactual) we had a second-order oracle which would
allow us to compute L£(), VL(0), and V2L£(#). Then, instead of picking a
descent direction v to optimize the first-order Taylor expansion around 6, we
could optimize the second-order Taylor expansion instead. Intuitively this would
allow us to incorporate curvature information into the update.

Let us carry out this computation. The second-order Taylor expansion of
L(0 + hv) around h = 0 is

L(0+ ho) = L(8) + h{(VL(6), v) + %h%[v%w)}u o) +o(h?).  (A.1.23)
Then we can compute the descent direction:

arg min | £(0) + h(VL(9),v) + ;h2<[v2£(9)]v,v>] (A.1.24)
vER™
llwll2=1

1
=arg min [(VL(0),v) + 2h<[V2£(9)]v,v)] . (A.1.25)
wER™
lvll2=1

This optimization problem is a little difficult to solve because of the constraint
|lv]|]2 = 1. But in practice we never normalize the descent direction v and use
the step size h to control the size of the update. So let us just solve the above
problem over all vectors v € R™:*

L

arg min <V£(0),v>+%h<[v2£(9)]v,v> = V2L(0)] VL)) (A.1.26)

vERN
We can thus use the steepest descent iteration
Ops1 = O — [V2L(0,)]) VL)), (A.1.27)

41f V2L(0) is not invertible, then we can replace [V2L£(0)]~! with the Moore-Penrose
pseudoinverse of V2L£(6).




456 Appendix A

(this is the celebrated Newton’s method), or
Orr1 = O — R[VZL(0R)] [VL(OR)], (A.1.28)

(which is called underdamped Newton’s method). Since the second-order quadratic
Ly is equal to its second-order Taylor expansion, if we run Newton’s method for
one step, we will achieve the global minimum in one step no matter how large A
is. Figure A.3 gives some intuition about poorly conditioned functions and the
gradient steps versus Newton’s steps.

PGD

In practice, we do not have a second-order oracle which allows us to compute
V2L(0). Instead, we can attempt to learn an approzimation to it alongside the
parameter update 01 from 6.

How do we learn an approximation to it? We shall find some equations
which the Hessian’s inverse satisfies and then try to update our approximation
so that it satisfies the equations. Namely, taking the Taylor series of V.L(0+ dp)
around point 6, we obtain

VL0 + 5g) — VLO) = [V2L(0)]56 + o([|06]]2)- (A.1.29)

=dg

In this case we have
0g ~ [V2£(9)](59 = y ~ [VQE(Q)]_l(Sg (A.1.30)

We can now try to learn a symmetric positive semidefinite pre-conditioner P €
R™*™ such that

59 ~ Pd,, (A.1.31)

updating it at each iteration along with 6. Namely, we have the PSGD iteration
Py, = PreconditionerUpdate(Py_1; 0k, VL(O)) (A.1.32)

Ok+1 = 0k — thVE(Qk). (A.1.33)

This update has two problems: how can we even use P (since we already said
we cannot store an n X n matrix) and how can we update P at each iteration?
The answers are very related; we can never materialize P in computer memory,
but we can represent it using a low-rank factorization (or comparable methods
such as Kronecker factorization which is particularly suited to the form of deep
neural networks). Then the preconditioner update step is designed to exploit
the structure of the preconditioner representation.

We end this subsection with a caveat: in deep learning, for example, £ is not
a convex function and so Newton’s method (and approximations to it) do not
make sense. In this case we look at the geometric intuition of Newton’s method
on convex functions, say from Figure A.3: the inverse Hessian whitens the gra-
dients. Thus instead of a Hessian-approximating preconditioner, we can adjust
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the above procedures to learn a more general whitening transformation for the
gradient. This is the idea behind the original proposal of PSGD [Lil7], which
contains more information about how to store and update the preconditioner,
and more modern optimizers like Muon [LSY+25].

A.1.3 Proximal Gradient Descent for Non-Smooth Prob-
lems

Even in very toy problems, however, such as LASSO or dictionary learning,
the problem is not strongly convex but rather just convex, and the objective
is no longer just smooth but rather the sum of a smooth function and a non-
smooth regularizer (such as the /! norm). Such problems are solved by prozimal
optimization algorithms, which generalize steepest descent to non-smooth ob-
jectives.

Formally, let us say that

L(6) = S(0) + R(9) (A.1.34)

where S is smooth, say with S-Lipschitz gradient, and R is non-smooth (i.e.,
rough). The proximal gradient algorithm generalizes the steepest descent al-
gorithm, by using the majorization-minimization framework (i.e., Lemma A.1)
with a different global upper bound. Namely, we construct such an upper bound
by asking: what if we take the Lipschitz gradient upper bound of S but leave
R alone? Namely, we have

L(O)=80")+R(O) <ugp(d)=80)+(VS(H),0 —0)+ §||9’ — 0|13 +R().

(A.1.35)
Note that (proof as exercise)

2

o — (9 - ;vsw))

Now if we try to minimize the upper bound ug g, we are picking a 6’ that:

arg minug 3(f') = arg min b
9’ 9’ 2 2

+R(9’)] . (A.1.36)
« is close to the gradient update 6 — %VS(H);

o has a small value of the regularizer R (")

and trades off these properties according to the smoothness parameter 5. Ac-
cordingly, let us define the proximal operator

1
prox; (6) = arg min %H@’ —0)3+R©®)]| . (A.1.37)
0/

Then, we can define the prozimal gradient descent iteration which, at each
iteration, minimizes the upper bound uy, -1, i.e.,

Ok+1 = prox, g (0 — hVS(0k)). (A.1.38)
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Convergence proofs are possible when h < 1/4, but we do not give any in this
section.

One remaining question is: how can we compute the proximal operator? At
first glance, it seems like we have traded one intractable minimization problem
for another. Since we have not made any assumption on R so far, the framework
works even when R is a very complex function (such as a neural network loss),
which would require us to solve a neural network training problem in order to
compute a single proximal operator. However, in practice, for simple regularizers
R such as those we use in this manuscript, there exist proximal operators which
are easy to compute or even in closed-form. We give a few below (the proofs
are an exercise).

Example A.1. Let I' C O be a set, and let xr be the characteristic function on
I ie.,

0 ifgel
) =< A.1.39
xr(0) {+oo, if0¢T. ( )
Then the proximal operator of xr is a projection, i.e.,
1
prox;, .. (6) = arg min -||¢' — (|3 = arg min [|6’ — 6. (A.1.40)
' grer 2 0’er
|

Ezample A.2. The ¢! norm has a proximal operator which performs soft thresh-
olding:

. . 1
Sn(0) = proxy, \., (0) = arg min {%”9/ —0)12 + \|€'|1 (A.1.41)
then S3(0) is defined coordinate-wise by
0; —h\, if6; > hA .
i max{|0;] — hX, 0} sign(6;), if [6;] > hA
Sh(ﬁ),» =40, if 0; € [—h)\,hA] = 0 i |0 | < A
0+ hA, if 6; < —hA ’ B
(A.1.42)

The proximal gradient operation with the smooth part of the objective being
least-squares and the non-smooth part being the ¢! norm (hence using this soft
thresholding proximal operator) is called the Iterative Shrinkage-Thresholding
Algorithm (ISTA). [ |
Example A.3. In Chapter 5 we use a proximal operator corresponding to the
¢! norm plus the characteristic function for the positive orthant RY = {z ¢
R™: z; > 0 Vi}, namely
. . 1
T3(0) = Proxy a1, +xgy (0) = arg min | (10" = 015 + Al6"[lx |, (A.1.43)
+ 0'ERY
then T, is defined as
Th(0); = max{6; — h\,0}. (A.1.44)

This proximal operator yields the non-negative ISTA that is invoked in Chap-
ter 5 and beyond. [ |
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Vanilla SGD (Non-convergent) Nesterov SGD (B=0.9, Convergent)
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Figure A.4: Stochastic gradient descent may not converge, even for very
benign objectives, but momentum SGD converges. For even simple quadratic
objectives, stochastic gradient descent iterates may pinball around the global optimum,
whereas momentum-averaged gradients align to point to the optimal value.

A.1.4 Stochastic Gradient Descent for Large-Scale Prob-
lems

In deep learning, the objective function £ usually cannot be computed exactly,
and instead at each optimization step it is estimated using finite samples (say,
using a mini-batch). A common way to model this situation is to define a
stochastic loss function L, () where w is some “source of randomness”. For
example, w could contain the indices of the samples in a batch over which to
compute the loss. Then, we would like to minimize £(0) = E,[L,(0)] over 6,
given access to a stochastic first-order oracle: given 6, we can sample w and
compute L, (0) and VoL, (6). This minimization problem is called a stochastic
optimization problem.

The basic first-order stochastic algorithm is stochastic gradient descent: at
each iteration k we sample wy, define £, = L, , and perform a gradient step
on Ly, i.e.,

Op+1 = 0r — hV L (6k). (A.1.45)

However, even for very simple problems we cannot expect the same type of
convergence as we obtained in gradient descent. For example, suppose that there

are m possible values for w € {1,...,m} which it takes with equal probability,
and there are m possible targets &1, ..., &, such that the loss function £, is
.1 2
La(0) = 5110 = &ull2- (A.1.46)
Then arg ming E[£,,(0)] = £ 3", &, but stochastic gradient descent can “pin-

ball” around the global optimum value, and not converge, as visualized in Fig-
ure A 4.



460 Appendix A

In order to fix this, we can either average the parameters 0, or average the
gradients VL (0;) over time. If we average the parameters 6, then (using
Figure A.4 as a mental model) the issue of pinballing is straightforwardly not
possible, since the average iterate will grow closer to the center. As such, most
theoretical convergence proofs consider the convergence of the average iterate
% Zf:o 0; to the global minimum. If we average the gradients, we will eventually

learn an average gradient + Ef:o V L (6x) which does not change much at each
iteration and therefore does not pinball.

In practice, instead of using an arithmetic average, we take an exponentially
moving average (EMA) of the parameters (this is called Polyak averaging) or of
the gradients (this is called momentum). Momentum is more popular and we
will study it here.

A stochastic gradient descent iteration with momentum is as follows:

gk = Bgr—1 + (1 = B)VLL(0k) (A.1.47)
Okt+1 = Ok — hgy. (A.1.48)

We do not go through a convergence proof (see Chapter 7 of [GG23] for an
example). However, momentum handles our toy case in Figure A.4 easily (see
the right-hand figure): it stops pinballing and eventually converges to the global
optimum.

We end with a caveat: one can show that Polyak momentum and Nesterov
momentum are equivalent, for certain choices of parameter settings. Then it is
also possible to show that a decaying learning rate schedule (i.e., the learning
rate h depends on the iteration k, and its limit is Ay — 0 as k — oo) with
plain SGD (or PSGD) can mimic the effect of momentum. Namely, [DCM+23]
shows that if the SGD algorithm lasts K iterations, the gradient norms are
bounded |[VL(0;)|l2 < G, and we define D = ||y — 6*||2, then plain SGD
iterates 0y satisfy the rate E[£(6;) — £(8*)] < DG/vK — but only so long as
the learning rate hy, = (D/[GVK])(1 — k/K) decays linearly with time. This
matches learning rate schedules used in practice. Indeed, surprisingly, such a
theory of convex optimization can predict many empirical phenomena in deep
networks [SHT+25], despite deep learning optimization being highly non-convex
and non-smooth in the worst case. It is so far unclear why this is the case.

A.1.5 Putting Everything Together: Adam
The gradient descent scheme proposes an iteration of the form
Ok+1 = O + hvg, (A.1.49)

where (recall) vy is chosen to be (proportional to) the steepest descent vector
in the Euclidean norm:

VL(0k) ,
—————— € arg min(VL(0x),v). A.1.50
L), © e (VLB v) (A-1.50)

llvll2=1

Ve =



§A.1 461

However, in the context of deep learning optimization, there is absolutely noth-
ing which implies that we have to use the Euclidean norm; indeed the “natural
geometry” of the space of parameters is not well-respected by the Euclidean
norm, since small changes in the parameter space can lead to very large differ-
ences in the output space, for a particular fixed input to the network. If we
were instead to use a generic norm || - || on the parameter space R, we would
get some other quantity corresponding to the so-called dual norm:

vy, € arg min(VL(0y),v). (A.1.51)

vER™
llvll=1

For instance, if we were to use the £*°-norm, it is possible to show that

v, = —sign(VL(0k)) € arg min(VL(0y),v), (A.1.52)
CR"
Iollm=1
where sign(x); = sign(z;) € {—1,0,1}. Thus if we were so-inclined, we could
use the so-called sign-gradient descent:

9k+1 = Gk - h51gn(V£(0k)) (A153)

From sign-gradient descent, we can derive the famous Adam optimization algo-
rithm. Note that for a scalar z € R we can write

sign(z) = Tl = T (A.1.54)

Similarly, for a vector & € R™ we write (where © and @ are element-wise multi-
plication and division)

sign(x) = x © [£°%)°(1/2), (A.1.55)
Using this representation we can write (A.1.53) as
Orr1 = O, — M([VL(OR)] @ [VL(0)7?]72). (A.1.56)

Now consider the stochastic regime where we are optimizing a different loss L
at each iteration. In SGD, we “tracked” (i.e., took an average of) the gradients
using momentum. Here, we can track both the gradient and the squared gradient
using momentum, i.e.,

gr = B'gr—1+ (1 —BYVLL(Ok) (A.1.57)
S = 52516,1 + (1 — 62)[Vﬁk(9k)]02 (A158)
Opsr = O — hg, © 5,2, (A.1.59)

where 3% € [0, 1] are the momentum parameters. The algorithm presented by
this iteration is the celebrated Adam optimizer,”> which is the most-used opti-
mizer in deep learning. While convergence proofs of Adam are more involved, it

5In order to avoid division-by-zero errors, we divide by s:<1/2) + €1, where ¢ is small, say
on the order of 1078,
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falls out of the same steepest descent principle we used so far, and so we should
expect that given a small enough learning rate, each update should improve the
loss.

Another way to view Adam, which partially explains its empirical success,
is that it dynamically updates the learning rates for each parameter based on
the squared gradients. In particular, notice that we can write

o1
Oki1 =0k — Mk © gi where N = hsg( 2) (A.1.60)

where 7, is the parameter-wise adaptively set learning rate. This scheme is
called adaptive because if the gradient of a particular parameter is large up
to iteration k, then the learning rate for this parameter becomes smaller to
compensate, and vice versa, as can be seen from the above equation.

A.2 Computing Gradients via Automatic Differ-
entiation

Above, we discussed several optimization algorithms for deep networks which
assumed access to a first-order oracle, i.e., a device which would allow us to com-
pute £(0) and VL(). For simple functions £, it is possible to do this by hand.
However, for deep neural networks, this quickly becomes tedious, and hinders
rapid experimentation. Hence we require a general algorithm which would allow
us to efficiently compute the gradients of arbitrary (sub)differentiable network
architectures.

In this section, we introduce the basics of automatic differentiation (AD or
autodiff), which is a computationally efficient way to compute gradients and
Jacobians of general functions f : R™ — R™. We will show how this leads to the
backpropagation algorithm for computing gradients of loss functions involving
neural networks. A summary of the structure of this section is as follows:

1. We introduce differentials, a convenient formalism for calculating and or-
ganizing the derivatives of functions between high-dimensional parameter
spaces (which may themselves be products of other spaces involving matri-
ces, tensors, etc.).

2. We describe the basics of forward-mode and reverse-mode automatic
differentiation, which involves considerations that are important for efficient
computation of gradients/Jacobians for different kinds of functions arising in
machine learning applications.

3. We describe backpropagation in the special case of a loss function applied
to a stack-of-layers neural network as an instantiation of reverse-mode auto-
matic differentiation.

Our treatment will err on the mathematical side, to give the reader a deep
understanding of the underlying mathematics. The reader should ensure to
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couple this understanding with a strong grasp of practical aspects of automatic
differentiation for deep learning, for example as manifested in the outstanding
tutorial of Karpathy [Kar22b].

A.2.1 Differentials

A full accounting of this subsection is given in the excellent guide [BEJ25]. To
motivate differentials, let us first consider the simple example of a differentiable
function £: R — R acting on a parameter §. We can write

LOT)—L(0)=L'(0) (0" —0)+o(l6F —0]). (A.2.1)
If we take 660 = 6+ — 6 and 6L = L(0 + §0) — L(6), we can write
5L =L'(0) 60+ o(|50)). (A.2.2)

We will (non-rigorously) define df and dL, i.e., the differentials of 6 and L,
to be infinitesimally small changes in § and £. Think of them as what one
gets when §6 (and therefore §L) are extremely small. The goal of differential
calculus, in some sense, is to study the relationships between the differentials
df and dL, namely, seeing how small changes in the input of a function change
the output. We should note that the differential df is the same shape as 6, and
the differential d£ is the same shape as L. In particular, we can write

dc = £/() - do, (A.2.3)

whereby we have that all higher powers of |d|, such as (d)?, are 0.
Let’s see how this works for higher dimensions, i.e., £L: R™ — R. Then we
still have
dc =L'(0)-do (A.2.4)

for some notion of a derivative £'(6). Since 6 (hence d) is a column vector here
and L (hence d£) is a scalar, we must have that £'(6) is a row vector. In this
case, L(0) is the Jacobian of £ w.r.t. §. Here notice that we have set all higher
powers and products of coordinates of df to 0. In sum,

All products and powers > 2 of differentials are equal to 0.

Now consider a higher-order tensor function £: R™*"™ — RP*4. Then our
basic linearization equation is insufficient for this case: d£ = £'(0) - df does not
make sense since 6 is an m X n matrix but d£ is a p X ¢ matrix, so there is no
possible vector or matrix shape for £/(0) that works in general (as no matrix
can multiply a m x n matrix to form a p x ¢ matrix unless m = p). So we must
have a slightly more advanced interpretation.

Namely, we consider £(0) as a linear transformation whose input is #-space
and whose output is L-space, which takes in a small change in § and outputs
the corresponding small change in £. Namely, we can write

ac = £/'(6)[d6). (A.2.5)
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In the previous cases, £'(f) was first a linear operator R — R whose action
was to multiply its input by the scalar derivative of £ with respect to 6, and
then a linear operator R™ — R whose action was to multiply its input by the
Jacobian derivative of £ with respect to . In general £'(0) is the “derivative”
of £ w.r.t. 6. Think of £’ as a generalized version of the Jacobian of £. As such,
it follows some simple derivative rules, most crucially the chain rule.

Theorem A.1 (Differential Chain Rule). Suppose L = f o g where f and g are
differentiable. Then
dL = f'(9(0))g'(0)]d8], (A.2.6)

where (as usual) multiplication indicates composition of linear operators. In
particular,
L'(0) = f'(9(0))g'(9) (A.2.7)

in the sense of equality of linear operators.

It is productive to think of the multivariate chain rule in functorial terms:
composition of functions gets ‘turned into’ matrix multiplication of Jacobians
(composition of linear operators!). We illustrate the power of this result and
this perspective through several examples.

Ezample A.4. Consider the function f(X)= WX +b1". Then

df = (X +dX) — f(X) = [W(X +dX)+bl"] - [WX +b1"] = WdX.
(A.2.8)
Thus the derivative of an affine function w.r.t. its input is

F(X)AX]) = WdX = f/(X)=W. (A.2.9)

Notice that f is constant. On the other hand, consider the function g(W,b) =
WX +b1". Then

dg =g(W +dW b+ db) — g(W,b) (A.2.10)
=[(W+dW)X + (b+db)1"] - [WX +b1"] (A.2.11)
= (AW)X + (db)17 = ¢/(W,b)[dW, db). (A.2.12)

Notice that this derivative is constant in W, b (which makes sense since ¢ itself
is linear) and linear in the differential inputs AW, db. |

Ezxample A.5. Consider the function f = gh where g, h are differentiable func-
tions whose outputs can multiply together. Then f = powv where v = (g, h) and
p(a,b) = ab. Applying the chain rule we have

df = p'(v(z))v' (z)[dx]. (A.2.13)

To compute v'(x) we can compute

o = v/(@)da] = o(o + d0) — ofa) = 274 o] g0l
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To compute p’ we can compute

dp = p'(a,b)[da,db] = p(a + da,b+ db) — p(a,b) = (a + da)(b+ db) — ab
(A.2.15)

= (da)b + a(db) + (da)(db) = (da)b + a(db), (A.2.16)
where (recall) the product of the differentials da and db is set to 0. Therefore
p'(a,b)[da,db] = (da)b + (db)a. (A.2.17)

Putting these together, we find

f'(@)[dz] = p' (v(2))v' (z)[dz] = p'(g(x), h(x))[g () [da], b (z)[dz]  (A.2.18)
= (¢'(z)[dz])h(z) + g(x) (W (x)[dx]). (A.2.19)

This gives
f'(@)[dz] = (¢ ()[dz])h(x) + g(a) (I (x)[dx]). (A.2.20)

If for example we say that f,g,h: R — R then everything commutes so

f'(@)[dz] = (¢'(2)h(x) + g(2)} (2))[dz] = f'(z) = ¢'(2)h(z) + g(z) (x)
(A.2.21)
which is the familiar product rule. |

Ezample A.6. Consider the function f(A) = AT ABA where A is a matrix

and B is a constant matrix. Then, letting f = gh where g(A) = AT A and
h(A) = BA, we can use the product rule to obtain

f'(A)[dA] = (¢'(A)[dA])h(A) + g(A)(h'(A)[dA]) (A.2.22)
= ((dA)"TA+ AT(dA))BA + AT AB(dA). (A.2.23)
[

Example A.7. Consider the function f: R™X"XF _ R™X" given by

K
A)ij = Aie. (A.2.24)

We cannot write a (matrix-valued) Jacobian or gradient for this function. But
we can compute its differential just fine:

k
dflj = [f(A + dA) - f(A)]U = ZdAijt = IZ(dA)U (A225)
t=1
So
(f'(A)[dA)); = 1, (dA)y, (A.2.26)

which represents a higher-order tensor multiplication operation that is nonethe-
less well-defined. |
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This gives us all the technology we need to compute differentials of every-
thing. The last thing we cover in this section is a method to compute gradients
using the differential. Namely, for a function £ whose output is a scalar, the
gradient VL is defined as

AL = L£'(0)[d0] = (VL(9),d6), (A.2.27)

where the inner product here is the “standard” inner product for the specified
objects (i.e., for vectors it’s the £2 inner product, whereas for matrices it’s the
Frobenius inner product, and for higher-order tensors it’s the analogous sum-
of-coordinates inner product). This definition is the correct generalization of
the ‘familiar’ example of the gradient of a function from R™ to R as the vector
of partial derivatives—a version of Taylor’s theorem for general functions f :
R™ — R™ makes this connection rigorous. So one way to compute the gradient
VL is to compute the differential d£ and rewrite it in the form (something, d¢),
then that “something” is the gradient.

A.2.2 Automatic Differentiation

The main idea of AD is to compute the chain rule efficiently. The basic prob-
lem we need to cope with is the following. In the optimization section of the
appendix, we considered that the parameter space © was an abstract Euclidean
space like R™. In practice the parameters are really some collection of vectors,
matrices, and higher-order objects: ©® = R™*™ x R™ x R"*2*P x R"™*4 x .-
While in theory this is the same thing as a large parameter space R” for some
(very large) n/, computationally efficient algorithms for differentiation must
treat these two spaces differently. Forward and reverse mode automatic differ-
entiation are two different schemes for performing this computation.

Let us do a simple example to start. Let £ be defined by £ = aoboc where
a, b, c are differentiable. Then the chain rule gives

L£(0) = a' (b(c(0) (c(0))c (0). (A.2.28)

To compute £(6), we first compute () then b(c(#)) then a(b(c(d))), and store
them all. There are two ways to compute £'(0). The forward-mode AD will
compute

¢(0) = H(c(0))c(0) = d (b(c(0)))V (c(0))c (6) (A.2.29)

i.e., computing the derivatives “from the bottom-up”. The reverse mode AD
will compute

d/(b(c(8)) = o' (b(c(6))V (c(6)) —> o (b(c(6)) (c(6))C (9),  (A.2.30)

i.e., computing the derivatives “from the top down”. To see why this matters,
suppose that f: RP — R® is given by f = aoboc where a: R" — R*, b: R? — R",
c: RP — R9. Then the chain rule is:

f'(®) = a' (b(c(@))V (c(2)) ' () (A.2.31)
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where (recall) f’ is the derivative, in this case the Jacobian (since the input and
output of each function are both vectors). Assuming that computing each Jaco-
bian is trivial and the only cost is multiplying the Jacobians together, forward-
mode AD has the following computational costs (assuming that multiplying
A e R™*" B e RF takes O(mnk) time):

computing ¢ (x) € R7*P takes negligible time (A.2.32)
computing V' (c(x))d (x) € R™P takes O(pqr) time (A.2.33)
computing @' (b(c(x)))b (c(x)) (z) € R**P takes O(pgr + prs) time. (A.2.34)

Meanwhile, doing reverse-mode AD has the following computational costs:

computing a’(b(c(x))) € R**" takes negligible time (A.2.35)
computing a’ (b(c(x)))b (c(x)) € R**? takes O(qrs) time (A.2.36)
computing @’ (b(c(x)))b (c(x)) (z) € R**P takes O(qrs + pgs) time. (A.2.37)

In other words, the forward-mode AD takes O(p(qr+rs)) time, and the reverse-
mode AD takes O(s(pq + qr)) time. These take a different amount of time!

£

More generally, suppose that f = fZo--- o f! where each f*: R - Rd ,
so that f: R? — R, Then the forward-mode AD takes O(d*(31_, d*~d"))
time while the reverse-mode AD takes O(d*( EL;ll d’~'d")) time. From the
above rates, we see that all else equal:

« If the function to optimize has more outputs than inputs (i.e., d* > d°),
use forward-mode AD.

o If the function to optimize has more inputs than outputs (i.e., d° > d*),
use reverse-mode AD.

In a neural network, we compute the gradient of a loss function L: ©® — R,
where the parameter space O is usually very high-dimensional. So in practice
we always use reverse-mode AD for training neural networks. Reverse-mode
AD, in the context of training neural networks, is called backpropagation.

A.2.3 Back Propagation

In this section, we will discuss algorithmic backpropagation using a simple
yet completely practical example. Suppose that we fix an input-label pair
(X,y), and fix a network architecture fy = fF o-- o f} o fs™> where § =

(6emb 9t ... 0L gPead) and task-specific head hghesd, and write
Zj(X) = [ (X), (A.2.38)
ZiNX) = [{(Z5(X)), Vee{l,...,L}, (A.2.39)

Yghoad (X)) = hgneaa (ZOL-H(X)) (A.2.40)
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Then, we can define the loss on this one term by
L(9) = L(y, 9s(X)), (A.2.41)

where L is a differentiable function of its second argument. Then the backward-
mode AD instructs us to compute the derivatives in the order #had gL gt gemb,
To carry out this computation, let us make some changes to the notation.

o First, let us change the notation to emphasize the dependency structure
between the variables. Namely,

21 = e (x gomb) (A.2.42)
ZU = pl(zt Y, Weedl,..., L), (A.2.43)
g = h(ZLH, ghead), (A.2.44)
L=L(y,9). (A.2.45)

e Then, instead of having the derivative be f’, we explicitly notate the
independent variable and write the derivative as %, for example. This
is because there are many variables in our model and we only care about
one at a time.

We can start by computing the appropriate differentials. First, for 4224 we
have

AL = dL (A.2.46)

dL

= — -dy A24
1 W (A.2.47)
dL L+1 phead

= g5 A(ZL ) (A.2.48)
dL dh dh

== @ W . dZL-i_1 + dohcad N de}lead . (A249)

Now since ZZ*! does not depend on "4, we have dZL*+! = 0, so in the end
it holds (using the fact that the gradient is the transpose of the derivative for a
function L whose codomain is R):

_dr dh  qghend

dh ea

[v ]TW-dGh d (A.2.51)
head

<v dahead de > (A.2.52)

<< ehedd) Vil dehead> (A.2.53)

= (Vgneaa £, d9"29). (A.2.54)
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Thus to compute Vgneaa £, we compute the gradient V4L and the adjoint® of
the derivative dﬁ% and multiply (i.e., apply the adjoint linear transformation
to the gradient). In practice, both derivatives can be computed by hand, but
many modern computational frameworks can automatically define the deriva-
tives (and/or their adjoints) given code for the “forward pass,” i.e., the loss
function computation. While extending this automatic derivative definition to
as many functions as possible is an area of active research, the resource [BEJ25]
describes one basic approach to do it in some detail. By the way, backpropaga-
tion is also called the adjoint method for this reason — i.e., that we use adjoint
derivatives to compute the gradient.
Now let us compute the differentials w.r.t. some 6°:

dc 41
dc
o dc dft , dff ’
¢
= %fﬂ . % -de* (b/c Z" isn’t fn. of 0 so dZ* =0)  (A.2.58)
rdff
d 4
= <Vze+1£, (Tjecf : d9f> (A.2.60)
drey”
- <(d£€> vzmc,def> (A.2.61)
= (Ve £,d6"). (A.2.62)

Thus to compute Vye L we compute V ze+1 L then apply the adjoint derivative

i *
(%) to it. Since VyeL depends on Vzet1 L, we also want to be able to

compute the gradients w.r.t. Z¢. This can be computed in the exact same way:

dl

_ 1
AL = qzem 42 (A.2.63)

dL

= qzer AUN(Z00%) (A.2.64)
ac  [df* df’

T dz+t [dzé 1Az + oy - a6 (A.2.65)

¢
= %ﬁl : % -dz* (b/c 0" isn’t fn. of Z* so d* = 0 this time)

(A.2.66)

6The adjoint is like a generalized transpose for more general linear transformations. Par-
ticularly, for a given pair of inner product spaces and linear transformation 7" between those
spaces, the adjoint T™* is defined by the identity (T®,y) = (@, T*y). In finite dimensions (i.e.,
all cases relevant to this book) the adjoint exists and is unique.
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¢ *
= <((§1£[> Vgeri L, dZe> (same machine) (A.2.67)
= (Vg L,dZ"). (A.2.68)

Thus to compute V z: L we compute V ze+1 L then apply the adjoint derivative

i *
( % to it. So we have a recursion to compute V z¢ L for all ¢, with base case

V zi+1 L, which is given by

dc =dL (A.2.69)

dL

= — -dy A.2.70
1 W ( )

= j; -dh(ZF+! ghead) (A.2.71)
dL [ dh dh e

-5 [W LAz 4 e - ot d] (A.2.72)

_dL dh I

— <<dZd£L+1) VgL,dZL+1> (A.2.74)

= (Vg £,dZ5T). (A.2.75)

Thus we have the recursion:

Vil = (dz‘if+1)* Vgl (A.2.76)
Vil = <§§L) Vil (A.2.77)
Vool = (igj)* Vil (A.2.78)

(A.2.79)

Vol = (351)* A (A.2.80)
Vo £ = (‘;J;;)* VL (A.2.81)
Vgems £ = (ﬁ) VL. (A.2.82)

This gives us a computationally efficient algorithm to find all gradients in
the whole network.

We'll finish this section by computing the adjoint derivative for a simple
layer.
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Ezample A.8. Consider the “linear” (affine) layer f*
fA(Z,whb) =Wz +b1T = [W' b. (A.2.83)
We can compute the differential w.r.t. both parameters as
dff = (W +awHZ + (b +db")17] - (W Z +b‘17] (A.2.84)
= (dWHZ + (db")1". (A.2.85)
Thus the derivative of this transformation is

(u;ff;w[dwevdbq = (AW")Z + ()17, (A.2.86)

namely, representing the following linear transformation from R™*¢ x R™ to
[Rmxn:

TAul=AZ +ul'. (A.2.87)
We calculate the adjoint 7% : R™*™ — R™*4xR™ w.r.t. the sum-over-coordinates
(Frobenius) inner product by the following procedure:

(T[A,u], B)gmxn = tr((AZ +ul1")BT) (A.2.88)
=tr(AZB' +ul1'B") (A.2.89)

=tr(AZB") +tr(ul"BT) (A.2.90)

=tr(BZ"A") +tr(1"B"u) (A.2.91)

=(BZ", A)gmxa + (B1,u)gm (A.2.92)

=(B(Z7,1), (A, u))gmxixgm (A.2.93)

SoT*B=B(Z",1). [

Note that as a simple application of chain rule, both backpropagation and
automatic differentiation work over general “computational graphs”, i.e., com-
positions of (simple) functions. We give all examples as neural network layers
because this is the most common example in practice.

A.3 Game Theory and Minimax Optimization

In certain cases, such as in Chapter 6, a learning problem cannot be reduced
to a single optimization problem but rather represents multiple potentially op-
posing components of the system trying to each minimize their own objective.
Examples of this paradigm include distribution learning via generative adver-
sarial networks (GAN) and closed-loop transcription (CTRL). We will denote
such a system as a two-player game, where we have two “players” (i.e., compo-
nents) called Player 1 and Player 2 trying to minimize their objectives £! and
L2 respectively. Player 1 picks parameters § € © and Player 2 picks parameters
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1 € H. In this book we consider the special case of zero-sum games, i.e., defining
a common objective £ such that £ = —£! = £2.

Our first, very preliminary example is as follows. Suppose that there exists
functions u(6) and v(n) such that

L(0,n) = —u(f) +v(n). (A.3.1)

Then both players’ objectives are independent of the other player, and the
players should try to achieve their respective optima:

0* € arg minu(6), n* € arg minv(n). (A.3.2)
4SS neH
The pair (6*,7*) is a straightforward special case of an equilibrium: a situation
where neither player will want to move, given the chance, since moving will end
up making their own situation worse. However, not all games are so trivial;
many have more complicated objectives and information structures.

In this book, the relevant game-theoretic formalism is a Stackelberg game
(variously called sequential game). In this formalism, one player (without loss
of generality Player 1, and also described as a leader) picks their parameters
before the other (i.e., Player 2, also described as a follower), and the follower
can use the full knowledge of the leader’s choice to make their own choice. The
correct notion of equilibrium for a Stackelberg game is a Stackelberg equilibrium.
To explain this equilibrium, note that since Player 2 (i.e., the follower) can
choose 7 reactively to the choice #; made by Player 1 (i.e., the leader), Player 2
would of course choose the 7 which minimizes £(61,-). But of course a rational
Player 1 would realize this, and so pick a 6; such that the worst-case n picked
by Player 2 according to this rule is not too bad. More formally, let S(6) =
arg min, .y £(0,7) be the set of n minimizing £(6,7), i.e., the set of all  which
Player 2 is liable to play given that Player 1 has played . Then (6*,7n*) is a
Stackelberg equilibrium if

0* € arg max min £(6,7), n* € arg min L(0*,n). (A.3.3)
fco nES(H) neH

Actually (proof as exercise), one can show that in the context of two-player
zero-sum Stackelberg games, (6*,7*) is a Stackelberg equilibrium if and only if

0* € arg maxmin £(6,n), n* € arg min L(0*,n), (A.3.4)
fco ncH neH

(note that the notation S(#) is not used nor needed).

Proof. Note that

S(0) = arg min L(0, ), (A.3.5)
neH
so it holds
min L£(0,n) = min L(0,m) = min L(0, 7). A.3.6
neS(0) ( 77) n€arg min, sy £(0,m') ( 77) neH ( n) ( )

O
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In the rest of the section, we will briefly discuss some algorithmic approaches
to learn Stackelberg equilibria. The intuition you should have is that learning an
equilibrium is like letting the different parts of the system automatically figure
out tradeoffs between the different objectives they want to optimize.

We end this section with a caveat: in two-player zero-sum games, if it holds
that

max Inrgll L(O,n) = %1{11 max L£(6,n) (A.3.7)

then every Stackelberg equilibrium is a saddle point,” i.e.,

0* € arg max L(0,n"), n* € arg min £(6*,7), (A.3.8)
0€cO neH

and vice versa, and furthermore each Stackelberg equilibrium has the (same)
objective value
max min £(0, ).

0c® neH
Proof. Suppose that indeed
i 0,1) = mi 0,m). A.3.
Iglgggglr{lﬁ( .1) gggglggﬁ( :n) (A.3.9)

First suppose that (6*,7*) is a saddle point. We will show it is a Stackelberg
equilibrium. By definition we have

gnellr{lﬁ(e ) = LO",n*) = I&agﬁ(ﬁ,n ). (A.3.10)

It then holds for any 6 and 7 that

Hleigﬁ(9ﬂ7) < L(O,m%) < L(O%,n). (A.3.11)
n
Therefore
i < L(6%,n%). .3.
gleaggggﬁ(&n) < L(0%,n") (A.3.12)

Completely symmetrically,

L") < £6°m) < max £(6.n) = L(6°7°) < minmax £(6,7). (A3.13)

Therefore since max min = min max we have

max ;rglril L(O,n) =LO,n*) = %111{1 gleaé(ﬁ(ﬁ,n). (A.3.14)

In particular, it holds that

0* € arg maxmin £(0, 7). (A.3.15)
pco n€H

"Famously called a Nash equilibrium.
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From the saddle point condition we have n* € arg min, . £(6*,7). So (6*,7*)
is a Stackelberg equilibrium. Furthermore we have also proved that all saddle
points obey (A.3.14).

Now let (6*,1*) be a Stackelberg equilibrium. We claim that it is a saddle
point, which completes the proof. By the definition of minimax equilibrium,

rgleaé(gélg L(60,n) = LO",n"). (A.3.16)

Then by the min max = max min assumption we have

I;leaé(%nelﬁlﬁ(a,’r]) = L(0*,n") = %111{11;16a®)<£(0,77). (A.3.17)

This proves that all minimax equilibria have the desired objective value L(6*, n*).
Now we want to show that

0* € arg max L(0,n"), n* € arg min L(0%, 7). (A.3.18)
€O neH

Indeed the latter assertion holds by definition of the minimax equilibrium, so
only the former need be proved. Namely, we will show that

reneagﬁ(&n ) = L(6%,n%). (A.3.19)

To show this note that by definition of the max

* * < * 3.
L6 0") < max L(0,7"). (A.3.20)

meanwhile we have min,cy £(6,7) < L(6,7*) so

* n*) = i < *). 9.
L£(9%,n") = maxmin £(8, 1) < max £(6,7") (A.3.21)
Therefore it holds
*nt) = * A.3.22
L£(6%,n") = max L(0,n"), (A.3.22)
and the proof is complete. O

Conditions under which the minmax = maxmin equality holds are given
by so-called minimaz theorems; the most famous of these is a theorem of von
Neumann. However, in the cases we think about, this property usually does not
hold.

A.3.1 Learning Stackelberg Equilibria

How can we learn Stackelberg equilibria via GDA? In general this is clearly
impossible, since learning Stackelberg equilibria via GDA is obviously at least
as hard as computing a global minimizer of a loss function (say by setting the
shared objective £(6,7) to only be a function of n). As such, we can achieve
two types of convergence guarantees:
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e When £ is (strongly) concave in the first argument 6 and (strongly) convex
in the second argument 7 (as well as having Lipschitz gradients in both ar-
guments), we can achieve exponentially fast convergence to a Stackelberg
equilibrium.

e When L is not concave or convex in either argument, we can achieve local
convergence guarantees: namely, if we initialize the parameter values near
a (local) Stackelberg equilibrium and the optimization geometry is good
then we can learn that equilibrium efficiently.

The former situation is exactly analogous to the case of single-player opti-
mization, where we proved that gradient descent converges exponentially fast for
strongly convex objectives which have Lipschitz gradient. The latter situation
is also analogous to the case of single-player optimization, although we did not
cover it in depth due to technical difficulty; indeed there exist local convergence
guarantees for nonconvex objectives which have locally nice geometry.

The algorithm in these two cases is the same algorithm, called Gradient
Descent-Ascent (GDA). To motivate GDA, suppose we are trying to learn 6*.
We could do gradient ascent on the function 6 — min,cy £(6,7). But then we
would need to take the derivative in 6 of this function. To see how to do this,
suppose that £ is strongly convex in 7 so that there is one minimizer n*(6) of
L(6,-). Then, Danskin’s theorem says that

Vo hx&igﬁ(@,n)} = VoL(0,stop_grad(n*(h))), (A.3.23)

where the gradient is only with respect to the first argument (i.e., not a total
derivative which would require computing the Jacobian of n*(#) with respect
to 0), indicated by the stop-gradient operator.® In order to take the derivative
in 0, we need to set up a secondary process to also optimize 1 to obtain an
approximation for n*(0). We can do this through the following algorithmic
template:

Mol =TMha 13 s =k — AV LOk M), VETS  miy =m
(A.3.24)
Ok+1 = Ok + thC(Qk, ’I7k+1). (A.3.25)

That is, we take T steps of gradient descent to update 7y (hopefully to the
minimizer of £(f,)), and then take a gradient ascent step to update 6. As
a bonus, on top of estimating fx =~ arg max, min, £(#,n), we also learn an
nk ~ arg min, L£(0x,n) — this is an approximate Stackelberg equilibrium.

8In the case that £ is not strongly convex in i but rather just convex, Danskin’s theorem
can be stated in terms of subdifferentials. If £ is not convex at all in 7, then this derivative
may not be well-defined, but one can obtain (local) convergence guarantees for the resulting
algorithm anyways. Hence we use Danskin’s theorem as a motivation and not a justification
for our algorithms. Danskin’s theorems can be generalized into more relaxed circumstances
by the so-called envelope theorems.
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This method is often not done in practice, as it requires 7'+ 1 total gradient
descent iterations to update 6 once. Instead, we use the so-called (simultaneous)
Gradient Descent-Ascent (GDA) iteration

9k+1 = 9k + thﬁ(@k, nk) (A326)
NMe+1 = Nk — Thvn»c(gka nk)v (A327)

which can be implemented efficiently via a single gradient step on (6,7). The
crucial idea here is, to make our method close to the inefficient iteration above,
we use an 1 update which is 7" times faster than the 6 update (these can be seen
as nearly the same by taking a linearization of the dynamics).

It is crucial to pick T sensibly. How can we do that? In the sequel, we discuss
two configurations of 7" which lead to convergence of GDA to a Stackelberg
equilibrium under different assumptions.

Convergence of One-Timescale GDA to Stackelberg Equilibrium

If T =1 (i.e., named one-timescale because both  and n updates are of the
same scale), then the GDA algorithm becomes

9k+1 =0, + thﬂ(&k, 77/6)7 Ne+1 = Nk — hvnﬁ(ek, nk)- (A.3.28)

If £ has Lipschitz gradients in 8 and 7, and is strongly concave in 6 and strongly
convex in 7, and is coercive (i.e.limg|, |n|s—o0 £(6,7) = 00), then all saddle
points are Stackelberg equilibria and vice versa. The work [ZAK24] shows that
GDA (again, with 7" = 1) with sufficiently small step size h converges to a
saddle point (hence Stackelberg equilibrium) exponentially fast if one exists,
analogously to gradient descent for strongly convex functions with Lipschitz
gradient.” To our knowledge, this flavor of results constitute the only known
rigorous justification for single-timescale GDA.

Local Convergence of Two-Timescale GDA to Stackelberg Equilib-
rium

Strong convexity/concavity is a global property, and none of the games we look
into in this book have objectives which are globally strongly concave/strongly
convex. In this case, the best we can hope for is local convergence to Stackelberg
equilibria: if the parameters are initialized close to a Stackelberg equilibrium,
then GDA can converge onto it, given an appropriate step size h and timescale
T.

In fact, our results also hold for a version of the local Stackelberg equilibrium
called the differential Stackelberg equilibrium, which was introduced in [FCR19]
(though we use the precise definition in [LFD+22]), and which we define as
follows. A point (6*,7*) is a differential Stackelberg equilibrium if:

9We do not provide the step size or exponential base since they are complicated functions
of the strong convexity/concavity/Lipschitz constant of the gradient. Of course, the paper
[ZAK24] provides the precise parameter values.
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Vi L(0%,17) = 0;

V%E(&*, 7*) is symmetric positive definite;

VoL(6*,n*) = 0;
o (V2L 4[4V, L][V2L] L VeL]) (6%, 7%) is symmetric negative definite.
6 de v n n dn
Notice that the last condition asks for the (total) Hessian

VIL(O.m)  LV3L(0.n)

LV2,L0.m)  VALEO.n)

V2L(0,m) = (A.3.29)

or, equivalently, its Schur complement to be negative definite. If we look at the
computation of Vg[min,ecy £(6,7n)] furnished by Danskin’s theorem, the last
two criteria are actually constraints on the gradient and Hessian of the function
6 — min,cy L£(0, n), ensuring that the gradient is 0 and the Hessian is negative
semidefinite. This intuition tells us that we can expect that each Stackelberg
equilibrium is a differential Stackelberg equilibrium; [FCR20] confirms this rig-
orously (up to some technical conditions).

Analogously to the notion of strict local optimum in single-player optimiza-
tion (where we require V2L£(0*) to be positive semidefinite), the definition of
differential Stackelberg equilibrium implies that L£(0, -) is locally (strictly) convex
in a neighborhood of the equilibrium, and that min,cn L(-,n) is locally (strictly)
concave in the same region.

In this context, we present the result from [LFD+22]. Let (8*,1*) be a
differential Stackelberg equilibrium. Suppose that £ has Lipschitz gradients,
ie.,

d
7v9£(6*7 77*)

max{HVZE(@*,T]*HQ, ||V3,£(9*777*)||2 ldn

} <B. (A.3.30)
2

Further define the local strong convexity/concavity parameters of £(6,-) and
min, £(-,n) respectively as

My = Amin(v%£(6*7n*))7
d

(A.3.31)
e = min{ﬁ,— (ng:+ [ddgv,,,c] [v2g] ™ LWVQ,CD (9*,77*)(}\3.32)

Then define the local condition numbers as

Ky =B/t Ko = B/pe- (A.3.33)

The paper [LFD+22] says that if we take step size h = 4[3% and take T' > 2k,
so that the algorithm is

1
Or+1 = Ok + MV@E(@/C,U]Q), (A.3.34)
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1
Met1 = Mk — @anl(@kmk)a (A.3.35)

the total Hessian V2L£(6*,7*) is diagonalizable, and we initialize (6g,70) close
enough to (6*,n*), then there are positive constants cg,c; > 0 such that

k
c
(O = @l < o (1= 72 ) 60m) — @) (4330
implying exponential convergence to the differential Stackelberg equilibrium.

A.3.2 Practical Considerations when Learning Stackelberg
Equilibria

In practice, we do not know how to initialize parameters close to a (differential)
Stackelberg equilibrium. Due to symmetries within the objective, including
those induced by overparameterization of the neural networks being trained,
one can (heuristically) expect that most initializations are close to a Stackel-
berg equilibrium. Also, we do not know how to compute the step size h or
the timescale T', since they are dependent on properties of the loss £ at the
equilibrium. In practice, there are some common approaches:

o Take T =1 (equal step-sizes), and use updates for 6 and n that are derived
from a learning-rate-adaptive optimizer like Adam (as opposed to vanilla
GD). Here, you hope (but do not know) that the optimizer can adjust the
learning rates to learn a good equilibrium.

o Take T to be some constant like 7' = 10® which implies that 7 equilibrates
10° times as fast as 6. Here you can also use Adam-style updates, and
hope that it fixes the time scale.

e Let T depend on the iteration k&, and let T, — oo as k — co. This schedule
was studied (also in the case of noise) by Borkar in [Bor97].

For example, you can use this while training CTRL-style models (see Chapter 6),
where the encoder is Player 1 and the decoder is Player 2. Some theory about
CTRL is given in Theorem 6.1.

A.4 Exercises

Exercise A.1. We have shown that for a smooth function f, gradient descent
converges linearly to the global optimum if it is strongly convex. However, in
general nonconvex optimization, we do not have convexity, let alone strong con-
vexity. Fortunately, in some cases, f satisfies the so-called p-Polyak-Lojasiewicz
(PL) inequality, i.e., there exists a constant p > 0 such that for all 6,

ﬁVﬂmﬁzuuw%JWU%
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where 6* is a minimizer of f.
Please show that under the PL inequality and the assumption that f is
B-smooth, gradient descent (A.1.12) converges linearly to 6*.

Exercise A.2. Compute the differential and adjoint derivative of the softmax
function, defined as follows.

T ert

1
softmax : == |- (A4.1)
i D e -
T ern
Exercise A.3. Carry through the backpropagation computation for a L-layer

MLP, as defined in Section 8.2.3.

Exercise A.4. Carry through the backpropagation computation for a L-layer
transformer, as defined in Section 8.2.3.

Exercise A.5. Carry through the backpropagation computation for an autoen-
coder with L encoder layers and L decoder layers (without necessarily specifying
an architecture).
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Appendix B

Entropy, Diffusion,
Denoising, and Lossy
Coding

“The increase of disorder or entropy with time is one example of
what is called an arrow of time, something that distinguishes the
past from the future, giving a direction to time.”

— A Brief History of Time, Stephen Hawking

In this appendix we provide proofs for several facts, mentioned in Chapter 3,
which are related to differential entropy, how it evolves under diffusion processes,
and its connections to lossy coding. We will make the following mild assumption
about the random variable representing the data source, denoted «.

Assumption B.1. z is supported on a compact set S C RP of radius at most
R, i.e., R =supgcs [I€]]2-

In particular, since compact sets in Euclidean space are bounded, it holds
R < 0o. We will consistently use the notation B,.(£) = {u € R ||€ —u|s <7}
to denote the Euclidean ball of radius r centered at €. In this sense, Assump-
tion B.1 has S C Br(0).

Notice that this assumption holds for (almost) all variables we care about
in practice, as it is (often) imposed by a normalization step during data pre-
processing.

481
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B.1 Differential Entropy of Low-Dimensional Dis-
tributions

In this short appendix we discuss the differential entropy of low-dimensional dis-
tributions. By definition, the differential entropy of a random variable & which
does not have a density is —oo; this includes all random variables supported on
low-dimensional sets. The objective of this section is to discuss why this is a
“morally correct” value.

In fact, let  be any random variable such that Assumption B.1 holds, the
support S of = has 0 volume.! We will consider the case that z is uniform on
8.2 Our goal is to compute h(x).

In this case,  would not have a density; in the counterfactual world where
we did not know h(x) = —oo, we could not directly define it using the stan-
dard definition of differential entropy. Instead, as in the rest of analysis and
information theory it would be reasonable to consider the limit of entropies of
successively better approximations . of & which have densities, i.e.,

h(x) “= gl\%h(ms). (B.1.1)

To this end, the basic idea is to take an e-thickening of S, say S, defined as

S.=J B:(¢&) (B.1.2)

£es

and visualized in Figure B.1. We will work with random variables whose support

S
=
Se = Uges Ba(&)
Figure B.1: Illustration of the e-thickening S. of a curve S C R?.
is S¢, which is fully-dimensional, and take the limit as ¢ — 0. Indeed, define

x. ~U(S:). Since 8. has positive volume, @, has a density p. equal to

1

p-(§) =1(§€S.)- VO](SE).

(B.1.3)
Computing the entropy of . using the convention that 0log0 = 0, it holds

o) = [ | pa(€)logp.(€)de (B.1.4)

IFormally this means that S is Borel measurable with Borel measure 0.
2Say, w.r.t. the Hausdorff measure on S.
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- _/5 vol(lS lOg(vol(lSs))d£ (B-15)

1°gVOV1°1 / dé (B.1.6)
= log(vol(Sa))~ (B.1.7)

Since S is compact vol(S;) is finite and tends to 0 as € \ 0. Thus

h(x) = il\% h(ze) = il\l% log(vol(S:)) = —o0, (B.1.8)

as desired.

The above calculation is actually a corollary of a much more famous and
celebrated set of results about the maximum possible entropy of @ subject to
certain constraints on the distribution of &. We would be remiss to not provide
the results here; the proofs are provided in Chapter 2 of [PW22], for example.

Theorem B.1. Let x be a random variable on RP.

1. If x is supported on a compact set S C RP (i.e., Assumption B.1) then

h(z) < h(U(S)) = log vol(S). (B.1.9)

2. If x has finite covariance such that, for a PSD matriz ¥ € PSD(D), it holds
Cov(x) X X (w.r.t. the PSD ordering, i.e., X — Cov(x) is PSD), then

h(z) < h(N(0,%)) = %log((Qwe)D det ). (B.1.10)

8. If © has finite second moment such that, for a constant a > 0, it holds
E|lz|2 < a, then

h(z) < h(N(o, %I)) = 5 log (B.1.11)

B.2 Diffusion and Denoising Processes

In the main body (Chapter 3), we considered a random variable x, and a stochas-
tic process defined by (3.2.1), i.e

T =T+ g, vt € [0,T) (B.2.1)

where g ~ N(0, I') independently of x.

The structure of this section is as follows. In Section B.2.1 we provide a
formal theorem and crisp proof which shows that under Equation (B.2.1) the
entropy increases, i.e., %h(a:t) > 0. In Section B.2.2 we provide a formal the-
orem and crisp proof which shows that under Equation (B.2.1), the entropy
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decreases during denoising, i.e., h(E[xs | @:]) < h(x;) for all s < ¢. In Sec-
tion B.2.3 we provide proofs for technical lemmas that are needed to establish
the claims in the previous subsections.

Before we start, we introduce some key notations. First, let ¢; be the density
of N(0,#2I), i.e.,

. 1 2
ei(§) = (27r)D/2tDeXp<_ ftlz)- (B.2.2)

Next, x; is supported on all of RP, so it has a density, which we denote p; (as
in the main body). A quick calculation shows that

pi(§) = E[pe(§ — )], (B.2.3)

and from this representation it is possible to deduce (i.e., from Proposition B.4)
that p; is smooth (i.e., infinitely differentiable) in &, also smooth in ¢, and
positive everywhere. This fact is somewhat remarkable at first sight: even for
a completely irregular random variable & (say, a Bernoulli random variable,
which does not have a density), its Gaussian smoothing admits a density for
every (arbitrarily small) ¢ > 0. The proof is left as an exercise for readers
well-versed in mathematical analysis.

However, we also need to add an assumption about the smoothness of the dis-
tribution of @, which will eliminate some technical problems that occur around
t = 0 with low-dimensional distributions.? Despite this, we expect that our
results hold under milder assumptions with additional work. For now, let us
assume:

Assumption B.2. x has a twice continuously differentiable density, denoted
p.

B.2.1 Diffusion Process Increases Entropy Over Time

In this section we provide a proof of Theorem B.2. For convenience, we restate
it as follows.

Theorem B.2 (Diffusion Increases Entropy). Let @ be any random variable
such that Assumptions B.1 and B.2 hold, and let (z¢).cjo,) be the stochastic
process (B.2.1). Then

h(xs) < h(z), Vs, t: 0<s<t<T. (B.2.4)

Proof. Before we start, we must ask: when does the inequality in (B.2.4) make
sense? We will show in Lemma B.1 that under our assumptions, the differential
entropy is well-defined, is never +oo, and for ¢ > 0 is finite, so the (strict)
inequality in (B.2.4) makes sense.

The question of well-definedness aside, the crux of this proof is to show that
the density p; of x; satisfies a particular partial differential equation, which is

3As then various quantities become highly irregular and dealing with them would require
significant additional analysis.
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very similar to the heat equation. The heat equation is a famous PDE which
describes the diffusion of heat through space. This intuitively should make
sense, and paints a mental picture: as the time ¢ increases, the probability from
the original (perhaps tightly concentrated) = disperses across all of R” like heat
radiating from a source in a vacuum.

Such PDEs for p;, known as Fokker-Planck equations for more general stochas-
tic processes, are very powerful tools, as they allow us to describe the instanta-
neous temporal derivatives of p; in terms of the instantaneous spatial derivatives
of p;, and vice versa, providing a concise description of the regularity and dy-
namics of p;. Once we obtain dynamics for p;, we can then use the system to
obtain another one which describes the dynamics of h(x;), which after all is just
a functional of p;.

The description of the PDE involves a mathematical object called the Lapla-
cian A. Recall from your multivariable calculus class that the Laplacian operat-
ing on a differentiable-in-time and twice-differentiable-in-space function f: (0,7")x
RP — R is given by

) N
AJ(€) = x(V2£(€) = X 55 (©) (B.2.5)

SN0

Namely, from using the integral representation of p; and differentiating un-
der the integral, we can compute the derivatives of p; (which we do in Proposi-
tion B.1) and observe that p; satisfies the heat-like PDE

e

o (&) = tAp:(8). (B.2.6)

Then for finding the dynamics of h(x;), we can use Proposition B.3 again as
well as the heat-like PDE to get

e ==5 [ n@ogn(ee (B.2.7)
— [ 5 n©oem(©)ae (B.2.5)
= [ %)+ r0gmi(ele (B.29)
IRD
——t [ An(©)L + ozl (B.210)

By using a slightly involved integration by parts argument (Lemma B.2), we
obtain

Ghten =t [ (Viogn(e). Viu(€)ae (B.2.11)

&
_ IVp:(8)lI3
_t/[RD e e (B.2.12)
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>0 (B.2.13)

where strict inequality holds in the last line because, for it to not hold, Vp:(&)
would need to vanish almost everywhere (i.e., everywhere except possibly on
a set of zero volume), but this would imply that p; would be constant almost
everywhere, a contradiction with a fact that p, is a density.

To complete the proof we just use the fundamental theorem of calculus

h(xz) = h(zs) —|—/ (%h(a:u)du > h(zy), (B.2.14)

which proves the claim. (Note that this does not make sense when h(x;) = —oo,
which can only happen when s = 0 and h(x) = —oo, but in this case h(x;) >
—o00 so the claim is vacuously true anyways.) O

B.2.2 Denoising Process Reduces Entropy Over Time

Recall that in Section 3.2.1 we start with the random variable &1 and iteratively
denoise it using iterations of the form

s s
&, = Elo, | @ = &) = T + (1- E) T (t, &1). (B.2.15)
for s,t € {to,t1,...,tr} with s < ¢t and xr = &pr. We wish to prove that
h(&s) < h(2:), showing that the denoising process actually reduces the entropy.
Before we go about doing this, we make several remarks about the problem
statement. First, Tweedie’s formula (3.2.23) says that

T (t,21) = 0 + V() (B.2.16)

which likens a full denoising step from time ¢ to time 0 to a gradient step on the
log-density of x;. Can we get a similar result for the full denoising step from
time ¢ to time s in (B.2.15)? It turns out that indeed we can, and it is pretty
simple. By using (B.2.15) and Tweedie’s formula (3.2.23), we obtain

Elz, | 2] = ;53::‘*‘(1 - g) (th + 2V, logpt(fct)) = wt+(1 - ;) t*Vg, log pi(wy).
(B.2.17)
So this iterative denoising step is again a gradient step on the perturbed log-
density logp; with a shrunken step size. In particular, this step can be seen
as a perturbation of the distribution of the random variable x; by the score
function vector field, suggesting a connection to stochastic differential equations
(SDEs) and the theory of diffusion models [SSK+21]. Indeed, a proof of the
following result Theorem B.3 can be developed using this powerful machinery
and a limiting argument (e.g., following the technical approach in the exposition
of [CCL+23]). We will give a simpler proof here, which will use only elementary
tools and thereby illuminate some of the key quantities behind the process of
entropy reduction via denoising. On the other hand, we will need to deal with
some slightly technical calculations due to the fact that the denoising process
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in Theorem B.3 does not correspond exactly to the reverse process associated
to the noise addition process that generates the observation ;.
We want to prove that h(E[xs | #:]) < h(x:), i.e., formally:

Theorem B.3. Let x be any random wvariable such that Assumptions B.1
and B.2 hold, and let (xt)icp0,r) be the stochastic process (B.2.1). For each
t >0, write

G . X(D
J(Pt)—/[RD pe(€) dg, Uy = ma 2

for the Fisher information of p; and a uniform bound on |Alogp:|, respectively.
Then

R® D
2

) (B.2.18)

hE[xs | =) < h(z:) (B.2.19)
for all0 < s <t <T such that

(1 - ;) 12U2 exp ((1 - ;) tQUt) < 2J(p,). (B.2.20)
Proof. This proof uses two main ideas:
1. First, write down a density for E[x, | o] using a change-of-variables formula.

2. Second, bound this density to control the entropy.

The change of variables is justified by Corollary B.1, which was originally derived
in [Grill].

We execute these ideas now. From Corollary B.1, we obtain that the function
Z defined as &(&) = L[z, | x: = €] is differentiable, injective, and thus invertible
on its range, which we henceforth denote X C RP. We denote its inverse as
1. Using a change-of-variables formula, the density p of &(x;) is given by

e moa
MO Q@@ 1)

where (recall, from Section A.2) &' is the Jacobian of &. Since from Lemma B.3
we know &’ is a positive definite matrix, the determinant is positive and so the
whole density is positive. Then it follows that

(B.2.21)

_ _ (ptox™)(§) o (peoz™")(§)
Haw0) == |, e tien e oD (B2
-1
_ (prox 1)(5) log((ps 0 &~ 1)(€))dé (B.2.23)

4For those familiar with diffusion models, we refer here to the time-reversed forward process
not coinciding with the sequence of iterates generated by the process defined by Theorem B.3.
These processes coincide in a certain limit where infinitely many steps of Theorem B.3 are
taken with infinitely small levels of noise added at each step; for general, finite steps, we must
introduce some approximations regardless of the level of sophistication of our tools.
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+ /X det(z'(z1(€))) logdet (2’ (7 (€)))d¢ (B.2.24)

= —/RD pe(§) logpt(ﬁ)dé'—f—/ de(tg(l)(())))logdet(a‘:’(gﬁ_l(g)))dg
(B.2.25)

(peoz™1)(€) 1
v det(@' (- 1(€))) IOg(det(m’(m—l(Q))>d€' (B.2.26)

We will study the last term (including the —), and show that it is negative.
By concavity, one has —zlogxz < 1 — x for every x > 0. Hence

Mata) - e = - [ i 1)<(§>)>>1°g(d ) B2

< ptow I3 (B.2.28)

= h(z) -

1
-  det(@/ (z1(& ) )
/ prox )(€)dE — / (b 0 j, ) df (B.2.29)
:/R (€) det (z / (€)de (B.2.30)
- /RD (&) det( n (1 _ Z) 12v? logpt(E))dé —1
(B.2.31)

Now, by the AM-GM inequality on eigenvalues, we have for any symmetric
positive definite matrix M € PSD(D) the bound

D
det(M)Y/P = H/\ M)YP < Zf:lgl(M)—tr(g/[), (B.2.32)

which we can apply to the above expression and obtain

/{RD pe(€) det (I + (1 . ;) 2v? logpt(£)>d£ (B.2.33)
1 D
<[ mou (D 1+ (1- )t“'v%ogpt(&)}) ag (B.2.34)
[ T L ’
SR <1+Dtr<v logms))) e (B.2.35)
/ (-3)e ;
= [ »® <1+ n Alogpt@)) dé. (B.2.36)

Since &' (€) is positive definite (Corollary B.1), we have 1+ %A logp: (&) =
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tr(igé)) > 0. By the inequality log(1 + z) < « for > —1,

S

(1 + WAIOQ%({)) < exp ((1 — ;) tzAlogpt(£)> . (B.2.37)

From Lemma B.5 (where, recall, R is the radius of the support of x as in
Assumption B.1),

R* D

D
|Alog pi(€)] < max(tg, L

) = U,. (B.2.38)

Setting e = (1 — %) t2U,, we have (1 — f) t?Alogp, (&) < e for all £&. By Taylor’s
theorem with Lagrange remainder, for any ¢ < ¢,

2
e <1+4ect %687 (B.2.39)

since e =1+ c+ geec for some 0 € (0,1), and e?¢ < em2X(¢:0) < ¢= Applying
these bounds and integrating,

[ (1-3)r ’

_pi(€) (1 + DAlogpt(£)> ¢ (B.2.40)

R

< /{R @ e ((1-3) Palogp(e)) de (B.2.41)

<1+ (1-3)2 [ p@alogp@dg+ 5 (1-3) ¢ [ () (Alogp(©)* ag
) ) (B.2.42)

1= (- [ TOBae . & (120 [ ) Alosme)ae

(B.2.43)

where the identity [p;Alogp; = — [||Vpel|3/p: is the same as in the proof of

Theorem B.2. Writing J(p:) = [pn %dﬁ for the Fisher information of

pt, and bounding (Alogpt)2 < U?, we combine with our previous estimate to

obtain

6582

s
h@ (@)~ hw:) < - (1= 2) 2T(pi) + (B.2.44)
This is strictly negative whenever e?ef < 2(1— £)¢2J(p;). Substituting e =
(1 — 2) t2Uy, this is precisely condition (B.2.20). O

Notice that condition (B.2.20) is always satisfiable: for any fixed ¢ > 0, the
Fisher information satisfies J(p;) > 0 (since p; is not constant) and U; < oo, so
taking (1 — £) ¢* small enough ensures (B.2.20) holds.

To understand the quantitative implications, consider the behavior as t — 0
(near the data), where the condition is most restrictive. Setting s = (1—¢)t, the
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condition becomes et?U? exp(et?U;) < 2.J(p;). For small ¢, the Laplacian bound
satisfies U; ~ R?/t*, so the polynomial prefactor scales as et?U? ~ e R*/t5. The
critical scaling is therefore ¢ ~ t%/R*. Taking ¢ = «t%/R*, the condition reduces
to o < 2J(p;). In other words, each denoising step of size t —s = et ~ t"/R*
reduces the entropy. The steps must become increasingly fine as ¢ — 0, a
consequence of the second-order remainder in the Taylor expansion used in the
proof.

At the same time, it should be noted that our bounds are likely loose in terms
of the precise t-dependence, and certainly so for data with greater structure.
For instance, the U; ~ R?/t* blowup reflects a worst-case Laplacian bound that
can be considerably tightened under additional regularity assumptions on p.
Moreover, if p; is log-concave (as holds, e.g., when p itself is log-concave), then
Alogp; < 0 everywhere, and a significantly simplified argument can be run with
strengthened conclusions.

B.2.3 Technical Lemmas and Intermediate Results

In this subsection we present technical results which power our main two concep-
tual theorems. Our presentation will be more or less standard for mathematics;
we will start with the higher-level results first, and gradually move back to
the more incremental results. The higher-level results will use the incremental
results, and in this way we have an easy-to-read dependency ordering of the
results: no result depends on those before it. Results which do not depend on
each other are generally ordered by the place they appear in the above pair of
proofs.

Finiteness of the Differential Entropy

We first show that the entropy exists along the stochastic process and is finite.

Lemma B.1. Let x be any random variable, and let (x4 ).c[0,7) be the stochastic
process (B.2.1).

1. Fort > 0, the differential entropy h(x;) exists and is > —oo.
2. If in addition Assumption B.1 holds for x, then h(z) < co and h(z:) < oo.

Proof. To prove Lemma B.1.1, we use a classic yet tedious analysis argument.
Since x; has a density, we can write

h(ze) = */Dpt(E) log p(§)d€. (B.2.45)
R
Accordingly, let g: RP? — R be defined as

9(6) = —pi(&)log pi(€) = hl,) = / g(&)de. (B.2.46)

RD
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As usual to bound the value of an integral in analysis, define

9+(§) = max(g(£),0), g-(§) = max(-g(£),0)  (B.2.47)
= g=g¢g+—9g- and g4,g->0. (B.2.48)

Then
) = [ on©d— [ o-€)de, (5249

and both integrals are guaranteed to be non-negative since their integrands are.

In order to show that h(x) is well-defined, we need to show that [, g4 (§)d€ <
00 or [pp g—(£)d€ < oco. To show that h(x;) > —oo, it merely suffices to show
that [, g—(£)d€ < co. To bound the integral of g_ we need to understand the
quantity g_, namely, we want to characterize when g is negative.

g(&) <0 <= pi(€)logpi(§) >0 <= logpi(§) >0 <= p(§) > 1.
(B.2.50)

Thus, it holds that

9-(&) = 1(pe(§) = 1) - (—g(§)) = L(pe(§) = 1)pe(§) log pe (&) (B.2.51)

In order to bound the integral of g_(&), we need to show that p; is “not too
concentrated,” namely that p; is not too large. To prove this, in this case we
are lucky enough to be able to bound the function g_ (&) itself. Namely, notice

that
1

which blows up as ¢ — 0 but is finite for all finite t. Therefore
pi(§) =Epi(§ —x) <EC; = C. (B.2.53)
Now there are two cases.

o« If C; < 1, then pi(€) < 1, so the indicator is never 1, hence g— = 0
identically and its integral is also O.

e If Cy > 1, then log Cy > 0, so since the logarithm is monotonically increas-

ing,
[ o-@de= [ 1016 > n@lozm(ae  (B254)
= E[1(pe(xt) > 1) log pi(z:)] (B.2.55)
< E[1(pi(xt) > 1) log Cy (B.2.56)
= Plpi(x) > 1] log Cy. (B.2.57)

Hence we have [, g—(£)d€ < oo, so the differential entropy h(ax;) exists and is
> —00.
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To prove Lemma B.1.2, suppose that Assumption B.1 holds. We want to
show that h(x) < oo and h(x;) < oco. The mechanism for doing this is the
same, and involves the maximum entropy result Theorem B.1. Namely, since x
is absolutely bounded, it has a finite covariance which we will denote 3. Then
the covariance of x; is ¥ + t?I. Thus the entropy of  and x; can be upper
bounded by the entropy of normal distributions with the respective covariances,
i.e., log[(2me)P det(X)] or log[(2me)P det(X + t2I)], and both are < co. O

Integration by Parts in De Bruijn Identity

Finally, we fill in the integration-by-parts argument alluded to in the proofs of
Theorems B.2 and B.3. The argument is conceptually pretty simple but requires
some technical estimates to show that the boundary term in the integration-by-
parts vanishes.

Lemma B.2. Let x be any random variable such that Assumptions B.1 and B.2
hold, and let (xt)ic(o,1) be the stochastic process (B.2.1). Fort >0, let p; be the
density of ®y. Then for a constant ¢ € R it holds

Ap(©le-+logm(©)E == [ (Viogp(©). Vm@)de.  (B25%)

RD
Proof. The basic idea of this proof is in two steps:

o First, apply Green’s theorem to do integration by parts over a compact
set;

e Second, send the radius of this compact set to +00, to get integrals over
all of RP.

Green’s theorem says that for any compact set X C R, twice continuously
differentiable ¢: RP? — R, and continuously differentiable ¢: RP — R,

/{¢(€)A¢(£)+<V¢(€),V¢(€)>}d€=/ P(€)(Vo(§), n(§))do(€)
K oK

(B.2.59)
where do(€) denotes an integral over the “surface measure”, i.e., the inherited
measure on JIC, namely the boundary of I, and accordingly & takes values on
this surface and n(€) is the unit normal vector to K at the surface point €.
Now, taking ¢(&) = p:(€) and ¥ (&) = ¢+ log p(€), over a ball B,.(0) of radius
r > 0 centered at 0 (so that dB,.(0) is the sphere of radius r centered at 0 and

n(§) = &/I€ll2 = &/7):

/B " {Ape(&)[c + logpe(§)] + (V1ogpi(§), Ve (§)) } d€ (B.2.60)
=/ [c + log p:(£)] <th(£),£>da(£) (B.2.61)
dB,.(0) r
1

= */ [c + log pe(€)] (Vpe(§), €) do(§). (B.2.62)
9B,.(0)

r
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Sending r — o0, it holds that

|, A8n(€)le + oz pi(€)] + (V10w (). Vi (€))} € (B.2.63)
= Jim [ {AD(@)le+ g () + (VIompe). Tni&)}dE (B261
= im [ et logn(@)] (Vpi(€). €) doe), (B.2.65)

r—oo T BBT(O)

where the first equality follows by dominated convergence on the integrand. It
remains to compute the last limit. For this, we take asymptotic expansions of
each term. The main device is as follows: for & € 9B,(0), we have ||€]|2 = r, so

pi(§) = E[pe(§ — )] (B.2.66)
]. 2 2
—E | lEali/ e
= ampmm © 2 (B.2.67)
————
=C4
=C,E {67(\|£|\372<s,m>+||w|\§>/<2t2)} (B.2.68)
= O E[emt?2E im0 (B.2.69)
— Cue /) El e m—llld)/ (2] (B.2.70)

Note that because ||€|l2 = r, we have by Cauchy-Schwarz that
=2r|lll2 — [lz]l3 < 2(€, @) — ||=l3 < 2rlll2 — [l]3. (B.2.71)

Recall that by Assumption B.1, x is supported on a compact set S of radius R.
Thus
—2R(r + R) < 2(&,z) — ||z||2 < 2Rr. (B.2.72)

In other words, it holds
Cte—[r2+2R(r+R)]/(2t2) < pu(€) < Cte[—r2+2Rr]/(2t2). (B.2.73)

Now to compute the gradient, we can use Proposition B.1 and linearity of ex-
pectation to compute

T(0.6) = (-5 ElE - ) pr(€ - 2.6 (B2.74
= Ll 2. 8)0u(¢ ~ o) (B2.75)
= S E[(I€13 - (€ ) eu(é -~ 2] (B2.76)

— — E[( — (€,2)) pu(é — )] (5277
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= t% E[((€,x) —1%) i (& — @)]. (B.2.78)

Using Cauchy-Schwarz and the representation p:(€) = E[p:(€ — x)] again, it
holds

tl2 E[(=Rr — %) pu(€ —@)] < (VPi(€),€) < }2 E[(Rr =) @€ — )]
(B.2.79)

}2 (—Rr — %) Elp:(€ — x)] < (Vpi(€),€) < % (Br —r*) Elpi(§ — )]
(B.2.80)

- < (V). 6 < - o) (B.2.81)

For r > R > 0 (as is suitable, because we are going to take the limit » — oo while
R is fixed), both sides are negative. This makes sense: most of the probability
mass is contained within the ball of radius R and thus the score points inwards,
having a negative inner product with the outward-pointing vector £&. Thus using
the appropriate bounds for p;(£),

r(R+r 24 oRr /(262 r(r—R 2 . 2
f%Cte[ +2Rr]/(267) < (Vpe(€),8) < f%.cﬂ [r*+2R(r+R)]/(2t%)
(B.2.82)
Then, noting that C; = poly(t~1), we can compute
[+ log pu(€)(Vpi (€), £) = poly(r, R, ", c)e=Or") (B.2.83)

D—

So one can see that, letting the surface area of B,.(0) be wpr?~! where wp is

a function of D, it holds

1/ [c + 1og pi (€)](Vpe(€), £)d€E = poly(r, R,t ™1, c)e (") (B.2.84)
9B, (0)

r

and therefore the exponentially decaying tails mean

lim e+ og pr(€)] (Vi (€), €)d€ = 0. (B.2.85)

r=o0 ' JoB, (0)

Finally, plugging into (B.2.63), we have

- {Api(&)[c +logp(&)] + (Viogpi(§), Vpe(§))} dE =0 (B.2.86)

= Ap;(§)[c + logpi(€)]dE = —AD<Vlogpt(€),th(£)>d€ (B.2.87)

RD

as claimed. 0
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Local Invertibility of the Denoiser x

Here we provide some results used in the proof of Theorem B.3 which are ap-
propriate generalizations of corresponding results in [Grill].

Lemma B.3 (Generalization of [Grill], Lemma A.1). Let & be any random
variable such that Assumptions B.1 and B.2 hold, and let (xt)icpo,r] be the
stochastic process (B.2.1). Let s,t € [0,T)] be such that 0 < s <t <T, and let
Z(€) = E[xs | @ = &]. The Jacobian &' (€) is symmetric positive definite.
Proof. We have

#(€)=1+ (1 - %) £2V2 log py (£). (B.2.88)

Here we expand

pt(é)Wpt(é) - (th(g))(th(g))T'

2 _
V=logp: (&) = N3 (B.2.89)
So we need to ensure that
ey 5\ ,2Pe(§)V2pe(§) — (Ve (€))(Vpe(€)) T
(&) =1+ (1 - g) t @y (B.2.90)
_ pe(€)*T + (1= 2) 8% [p(€)V2pe(€) — (Vpe(€))(Vpe(€)) ] (B.2.91)

]%(5)2

is symmetric positive semidefinite. Indeed it is obviously symmetric (by Clairaut’s
theorem). To show its positive semidefiniteness, we plug in the expectation rep-
resentation of p; given by (B.2.3) (and Vp:, Ap; by Proposition B.1) to obtain
(where @ is as defined and y is i.i.d. as @),

ol [2(€)]v (B.2.92)
s —z)(€—x)T — 12
- pt<s>-2vT{pt<£>21 +(1-2) el - o) (e - o) EESEZE 2T
(B.2.93)
T
(- )eelwe-a 7] e 7] o
(B.2.94)
= Pt(E)_sz{ Elpi (€ — z)ei(€ — y)1] (B.2.95)
s _ T g2
+ (1—¥) t2[|:‘pt(£—33)§0t(£_y)' v t4y) I
(B.2.96)
S — X — T
- (1 - ;) t? [E{Wt(ﬁ —z)p(§—y)- (&)t(fy)]

(B.2.97)
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1-s/t 1 E-yE-y' E-z)(E—y)T
Pe(€)? vT[El%(Ew)SOt({y){l_s/tIJr 2 Iﬁ}]”
(B.2.98)
t—s s E-z)¢-=2)" (E-yE-y' (E-=z)(-y)'
tpt(€)2vT[E[t—sI+ 212 * 212 - 2 ]”
(B.2.99)
t;tgz”T [E[t - T+ (E-a)E-2)" +(E-vE-y) -26-2)(€- y)T)_ v
(B.2.100)
e E L oI+ gga (16— )Tl + 166 —9) ol —2(6 ) wll€ ~3)w])|
(B.2.101)
o7 | P8+ 5 (€~ @) o 4 (€~ 9) ol ~2(¢ ~ ) ol[(6 ~ )]
(B.2.102)
t;tz;z E 't j s||v||§ + % ([(€—=) 0] — (€ - y)T'u])Z} (B.2.103)
t;tzg; Eli o LIERS %[(y - fc)TvF] (B.2.104)
S 2 t—s 9
tpi(€)? Iollz + 263, (€) E[{(y — =) "v}’] (B.2.105)

Since x and y are i.i.d., the whole integral (i.e., the original quadratic form) is
0 if and only if s = 0 and « has support entirely contained in an affine subspace
which is orthogonal to v. But this is ruled out by assumption (i.e., that & has
a density on R”), so the Jacobian Z'(£) is symmetric positive definite. O

Lemma B.4 (Generalization of [Grill] Corollary A.2, Part 1). Let f: RP —
RP be any differentiable function whose Jacobian f'(x) is symmetric positive

definite. Then f is injective, and hence invertible as a function RP — R(f)
where R(f) is the range of f.

Proof. Suppose that f were not injective, i.e., there exists , ' such that f(x) =
f(x') while © # x’. Define v = (&’ —x) /||’ —x||2. Define the function g: R — R
as g(t) = v f(x +tv). Then g(0) =v' f(x) = v f(z') = g(||=’ — x||2). Since
f is differentiable, g is differentiable, so the derivative ¢’ must vanish for some
t* € (0, ||’ — x|]2) by the mean value theorem. However,

(B.2.106)

since the Jacobian is positive definite. Thus we arrive at a contradiction, as
claimed.

O

Combining the above two results, we obtain the following crucial result.
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Corollary B.1 (Generalization of [Grill] Corollary A.2, Part 2). Let x be any
random variable such that Assumptions B.1 and B.2 hold, and let (iﬂt)te[o,T] be
the stochastic process (B.2.1). Let s,t € [0,T] be such that 0 < s <t < T, and
let £(€) = E[xs | ©: = &]. Then & is injective, and therefore invertible onto its
range.

Proof. The only thing left to show is that & is differentiable, but this is im-
mediate from Tweedie’s formula (Theorem 3.2) which shows that & is differ-

entiable if and only if Vlogp; is differentiable, and this is provided by Equa-
tion (B.2.3). O

Controlling the Laplacian A log p;

Finally, we develop a technical estimate which is required for the proof of The-
orem B.3 and actually motivates the assumption for the viable t.

Lemma B.5. Let x be any random variable such that Assumptions B.1 and B.2
hold, and let (x+)icf0,1) be the stochastic process (B.2.1). Let p; be the density
of x;. Then, fort > 0 it holds

R* D
o2

). (B.2.107)

D
ﬂmlﬁh%pAQSHwX(g,
€€|RD t

Proof. By chain rule, a simple exercise computes

pi(§) pt(§)?
Using Proposition B.1 to write the terms in Ap;(£), we obtain

Am(e)  E[EHRE e - o)
(&) E[p:(€ — 2)] (B.2.109)
D W (& —u)p(u)du
- k { : }Lp &t : (B.2.110)

Jro #4(§ — w)p(u)du

This looks like a Bayesian marginalization, so let us define the appropriate
normalized density

o6 —u)p(u) (& —u)p(u) _ pe(€ — u)p(u) (B.2.111)

e N (e I LA A=) n(e)

Then, defining y¢ ~ g¢, we can write

Am@):/ {M—u@—Dﬁ
pt(§) RD t

Similarly, writing out the second term (non-squared) we obtain

Vpi(€) _ € Elye] (B.2.113)

pe(€) t2

1 D
batuldu = % Elle — el - 5. (B2112)
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Letting z¢ = y¢ — &, it holds

Api(§) _ E[llzll3] D Vpi(§) _ Elze]

(@) = i — 2 m =g - (B.2.114)
Thus writing A log p: out fully, we have
Alogpi(§) = %f”g] - ?2 - M[t;f]”% (B.2.115)
_ Ellzcl i)l _ D B2.116)
_ tr(ci‘;(zﬁ)) _ tBQ (B.2.117)
= “(CC;M - g. (B.2.118)

A trivial lower bound on this trace is 0, since covariance matrices are positive
semidefinite. To find an upper bound, note that y¢ takes values only in the
support of x (since p is a factor of the density gg of y¢), which by Assumption B.1
is a compact set S with radius R = supgcs [[€]|2- So

tr(Cov(ye)) = Elllyel3] — | Elye] I3 < Elllyell] < R (B.2.119)
Therefore ,

_tg < Alogp:(€) < ]:—4 — tg, (B.2.120)

which shows the claim. 0

Derivative Computations

Here we calculate some useful derivatives which will be reused throughout the
appendix.

Proposition B.1. Let x be any random wvariable such that Assumptions B.1
and B.2 hold, and let (x¢)ic(o,1) be the stochastic process (B.2.1). Fort >0, let
p; be the density of x,. Then

9pe

5 &) =L [%(& —x)- W] (B.2.121)
Vpi(€) = —[E|:80t(§—£13) : g;ﬂ (B.2.122)
Vipi(€) =E [%(5 _a) &2 ;w)T — tQI] (B.2.123)
2n(e) = E[mle o) - LB D) (B.2.124)
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Proof. We use the convolution representation of p;, namely (B.2.3). First taking
the time derivative, a computation yields that Proposition B.3 applies,” so we
can bring the derivative inside the integral/expectation as:

8pt 0

5(5) = o Elp:(§ — )] = [E[;)t@t(ﬁ — w)} = % % p. (B.2.125)

Meanwhile, by properties of convolutions (Proposition B.4) and using the fact
that p is compactly supported (Assumption B.1),

pr=pr*p = Vp, =V xp = Vp, = V3 %p = Apy = Apy xp.

(B.2.126)
The rest of the computation follows from Proposition B.2. O
Proposition B.2. Fort >0 and & € RP it holds
9 €113 — Dt?
a = R B.2.127
5 7t(&) = ¢:(§) e ( )
V(&) = —¢u(€) - 5 (B.2.128)
€T — 1
V(&) = p1(8) = (B.2.129)
£ 2 _ DtQ
Api(§) = pi(8) - % (B.2.130)
Proof. Direct computation. O

Differentiating Under the Integral Sign

In this appendix, we differentiate under the integral sign many times, and it is
important to know when we can do this. There are two kinds of differentiating
under the integral sign:

1. Differentiating an integral [ f;(£)d€ with respect to the auxiliary parameter
t.

2. Differentiating a convolution (f * g)(&) = [ f(£)g(€ — u)du with respect to
the variable &.

For the first category, we give a concrete result, stated without proof but
attributable to the linked source, which derives the following result as a special
case of a more general theorem about the interaction of differential operators
and tempered distributions, much beyond the scope of the book. A full formal
reference can be found in [Jon82].

5We use fi(€) = p(&)pt(€ — x), noting that it is twice continuously differentiable in & and
(more than) twice continuously differentiable in ¢. Then to check the local integrability of ft
we compute %(E) = f1(&) - t%(”ﬁ — m||% — Dt?), which is is easy to check integrable over
&€ and t € [tmin, tmax] Where tpin > 0. (Indeed, f; has exponentially decaying tails, so the
quadratic term in the product is of no issue.)
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Proposition B.3 ([Jon82], Section 11.12). Let f: (0,T) x RP — R be such
that:

e [ is a jointly measurable function of (t,€);

o For Lebesgque-almost every & € RP, the function t — f,(€) is absolutely

continuous;
. % is locally integrable, i.e., for every [tmin,tmax) € (0,T") it holds
t
max 0
/ / ft(g)‘ dé < . (B.2.131)
tmin RD at

Then t — [op fe(§)dE is an absolutely continuous function on (0,T), and its
derivative is

d )
@ / Ju€)de = / 5 FiO)3E, (B.2.132)
defined for almost every t € (0,T).

For the second category, we give another concrete result, stated without
proof but fully formalized in [BB11].

Proposition B.4 ([BB11], Proposition 4.20). Let f be k-times continuously
differentiable with compact support, and let g be locally integrable. Then the
convolution f = g defined by

(F+9)©) = [ | (e —u)du (B.2.133)

1s k-times continuously differentiable, and its derivative of order k is
VE(fxg)=(VEf) *g. (B.2.134)

Although not in the book, a simple integration by parts argument shows
that if ¢ is also k-times differentiable, then we can “trade off” the regularity:

VH(f #g) = f* (V). (B.2.135)

B.3 Lossy Coding and Sphere Packing

In this section, we prove Theorem 4.1. Following our conventions throughout
this appendix, we write S = Supp(«) for the compact support of the random
variable x.

As foreshadowed, we will make a regularity assumption on the support set
S to prove Theorem 4.1. One possibility for proceeding under minimal assump-
tions would be to instantiate the results of [RBK18; RKB23] in our setting, since
these results apply to sets S with very low regularity (e.g., Cantor-like sets with
fractal structure). However, we have found precisely computing the constants
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in these results, a necessary endeavor to assert a conclusion like Theorem 4.1,
to be somewhat onerous in our setting. Our approach is therefore to add a
geometric regularity assumption on the set S that sacrifices some generality,
but allows us to develop a more transparent argument. To avoid sacrificing too
much generality, we must ensure that low-dimensionality in the set S is not
prohibited. We therefore consider the running example we have used through-
out the book, the mixture of low-rank Gaussian distributions. In this geometric
setting, we model S as a union of hyperspheres, each of dimension dj (possibly
much smaller than D), living in mutually orthogonal subspaces of R”. This is
a geometric simplification of the Gaussian mixture model: each component’s
support is approximated by a sphere in the subspace spanned by its principal
directions. When the component dimensions dj are large, this assumption is
equivalent to a mixture of low-rank Gaussians assumption, by high-dimensional
measure concentration. The CRATE models we develop and train in Chapters 5
and 8 have their subspace dimensions set compatibly with this assumption.

Assumption B.3. The support S C RP of the random variable z is a finite
union of K spheres, each with dimension dy, k € [K]. The probability that «
is drawn from the k-th sphere is given by 7 € [0,1], and conditional on being
drawn from the k-th sphere, @« is uniformly distributed on that sphere. The
supports satisfy that each sphere is mutually orthogonal with all others.

We proceed under the simplifying Assumption B.3 in order to simplify exces-
sive technicality, and to connect to an important running example used through-
out the monograph. We believe our results can be generalized to support S from
the class of sets with positive reach with additional technical effort, but leave
this for the future.

B.3.1 Proof of Relationship Between Rate Distortion and
Covering

We briefly sketch the proof, then proceed to establishing three fundamental
lemmas, then give the proof. The proof will depend on notions introduced in
the sketch below.

Obtaining an upper bound on the rate distortion function (4.1.9) is straight-
forward: by the rate characterization (i.e., the rate distortion function is the
minimum rate of a code for  with expected squared ¢? distortion €), upper
bounding R.(x) only requires demonstrating one code for x that achieves this
target distortion, and any e-covering of Supp(x) achieves this, with rate equal
to the base-2 logarithm of the cardinality of the covering. The lower bound
is more subtle. We make use of the Shannon lower bound, discussed in Re-
mark 4.3: working out the constants in [L.Z94, §I1I, (22)] gives a more precise
version of the result quoted in Equation (4.1.17) (in bits, of course): for any
random variable  with compact support and a density, it holds

D/2
Re(x) > h(x) — logvol(B.) + log (Dl"(zD/2) (i) ) ) (B.3.1)
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with entropy (etc.) in nats in this expression. The constant can be easily
estimated using Stirling’s approximation. A quantitative form of Stirling’s ap-
proximation which is often useful gives for any = > 0 [Jam15]

D(z) < V2ra®1/2emel/(120) (B.3.2)

We will apply this bound to I'(D/2) in Equation (B.3.1). We get

oo (2)") - (52) R () )
(B.3.3)

1 1
=~3D "3 log D, (B.3.4)

which we can take for the explicit value of the constant Cp in Equation (4.1.17).
Summarizing the fully quantified Shannon lower bound (in bits):

Re(x) > h(x) — log, vol(Be) — O(log D). (B.3.5)

Now, the important constraint for our current purposes is that the Shannon
lower bound requires the random variable @ to have a density, which rules out
many low-dimensional distributions of interest. But let us momentarily consider
the situation when x does admit a density. The assumption that x is uniformly
distributed on its support is easily formalized in this setting: for any Borel set
A C S, we have

Plz € A] /Avoll(s)dm. (B.3.6)

Then the entropy h(x) is just
h(zx) = log, vol(S). (B.3.7)

The proof then concludes with a lemma that relates the ratio vol(S)/ vol(B.)
to the e-covering number of S by e balls.

To extend the program above to degenerate distributions satisfying Assump-
tion B.3, our proof of the lower bound in Theorem 4.1 will leverage an approxi-
mation argument of the actual low-dimensional distribution & by “nearby” dis-
tributions which have densities, similarly but not exactly the same as the proof
sketch preceding Theorem B.1. We will then link the parameter introduced in
the approximating sequence to the distortion parameter € in order to obtain the
desired conclusion in Theorem 4.1.

Definition B.1. Let S be a compact set. For any § > 0, define the §-thickening
of §, denoted Sy, by

Sy ={€ € RP | dist(¢,8) < 6}. (B.3.8)



§B.3 503

The distance function referenced in Definition B.1 is defined by
dist(¢,S) = inf €&, . B.3.9
ist(&,S) gl,gsllé €, ( )

For a compact set S, Weierstrass’s theorem implies that for any € € R, there is
always some £’ € S attaining the infimum in the distance function. Compactness
of S; follows readily from compactness of S, so vol(Ss) is finite for any § > 0. It
is then possible to make the following definition of a thickened random variable,
specialized to Assumption B.3.

Definition B.2. Let « be a random variable such that Supp(a) = S is a union
of K hyperspheres, distributed as in Assumption B.3. Denote the support of
each component of the mixture by Si. Define the thickened random variable x4
as the mixture of measures where each component measure is uniform on the
thickened set Sk s (Definition B.1), for k € [K], with mixing weights 7.

Lemma B.6. Suppose the random variable x satisfies Assumption B.3. Then
if0<d< %, the thickened random wvariable xs (Definition B.2) satisfies for
any € >0

R5+5(335) < Re(x). (B.3.10)

The proof of Lemma B.6 is deferred to Section B.3.2. Using Lemma B.6, the
above program can be realized, because the random variable s has a density
that is uniform with respect to the Lebesgue measure.

(Proof of Theorem 4.1). The upper bound is readily shown. If S is any e-cover
of the support of & with cardinality N (Supp(z)), then consider the coding
scheme assigning to each & € Supp(x) the reconstruction £=arg ming cg [|€ —
&'||2, with ties broken arbitrarily. Then ties occur with probability zero, and
the fact that S covers Supp(x) at scale e guarantees distortion no larger than
€; the rate of this scheme is log, N (Supp()).

For the lower bound, let 0 < § < %, and consider the thickened random
variable 5. By Lemma B.6, we have

R5+6(az(5) < RS(CL‘) (B.S.ll)

Since x5 has a Lebesgue density that is uniform, we can then apply the Shannon
lower bound, in the form (B.3.5), to get

log, vol(Supp(zs)) — logy vol(Bs4.) — O(log D) < R(x). (B.3.12)
Finally, we need to lower bound the ratio
vol(Supp(s))
_— B.3.1
VOI(B§+6) ( 3 3)

in terms of the covering number. Since Supp(xs) = Supp(x)+ Bs, where + here
denotes the Minkowski sum, a standard application of volume bound arguments
(see e.g. [Verl8, Proposition 4.2.12]) gives

vol(Supp(xs)) > Nas(Supp(x)) vol(Bs). (B.3.14)
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Hence
vol(Supp(;)) vol(Bs)
“Tvol(Bse) > Nza(supp(w))m (B.3.15)
D
= Nas(Supp(z)) <5 i 6) : (B.3.16)

Choosing § = €/2 gives from the Shannon lower bound (B.3.12) and the above
estimates

log, . (Supp()) — O(D) < R.(x), (B.3.17)

as was to be shown.
O

B.3.2 Proof of Lemma B.6

(Proof of Lemma B.6). It suffices to show that any code for & with expected
squared distortion €2 produces a code for x5 with the same rate and distortion
not much larger, for a suitable choice of §. So fix such a code for x, achieving
rate R and expected squared distortion 2. We write & for the reconstructed
random variable using this code, and q : Supp(x) — Supp(x) for the associated
encoding-decoding mapping (i.e., & = q(x)).

Now let S denote the k-th hypersphere in the support of . There is an
orthonormal basis Uy, € RP*9 such that Span(Sy,) = Span(Uy). The following
orthogonal decomposition of the support set S will be used repeatedly through-
out the proof. We have

Ss; = {6 € RP | 3k € [K] : dist(&,S,) < 6} (B.3.18)
= |J {€ € R” | dist(g, Sk) < 6} (B.3.19)
ke[K]

By orthogonal projection, for any k € [K] any & € RP can be written as
€ = ¢l ¢b, with ¢!l € Span(S;) and (¢l,£4) = 0. Then for any & € Sk, we
have

e et g -2 ey By
2

> el +ne'n; -2 (el e (B.3.21)

= Hg\l y

le—€l; =l +e - ¢

2
. (B.3.22)
2

Further, it is known that for any nonzero &/l € Span(Sy),

gll

| _ e
£t G

inf
§'eSy

(B.3.23)

2
— Hgl _
2

2
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If £l is zero, it is clear that the above distance is equal to 1 for every & € Sj.
Hence, if we define a projection mapping ms, (€) by
UU/ ¢
75, (&) = —= (B.3.24)
* U, €ll2
for any & € R with U ¢& # 0, then 75, (€) = arg ming g, [[§ —&ll,. We
choose 0 < 6 < 1, so that the thickened set Ss contains no points & € R” at
which any of the projection maps 7s, is not well-defined. So the thickened set
Ss satisfies

UU, ¢
U €]l

Ss= U {{e[RD

kE[K]

H{ — < 6} . (B.3.25)
2
These distances can be rewritten in terms of the orthogonal decomposition as

2
U,U/ ¢

— e || = 1815 — 21U €ll2 +1 B.3.26
e~ Tors | - - 210+ (B.3.26)
2
= HEHHQ +[le* 5 — 20U €Ml + 1 (B.3.27)
2
-1 e, 1) s

We are going to show next that every such & € S5 can be uniquely associated to
a projection onto a single subspace in the mixture, which will allow us to define
a corresponding projection onto S. Given a £ € Ss, by the above, we can find
a subspace Uy, such that the orthogonal decomposition £ = S,LI + & satisfies

et + (|lel]], - 1)2 <42 (B.3.29)

Consider the decomposition & = fj” + {f for some j # k. We have

e, = losvyel, = o] vl e+ @ -vohe)l, (8330
= ||lU;U] (I - UU, )¢, (B.3.31)
< T -uUEl, = &, <o (B.3.32)

where the second line uses the orthogonality assumption on the subspaces Uy,
and the third uses the fact that orthogonal projections are nonexpansive. Hence,
the j-th distance satisfies

&, + (HQ‘ H2 - 1)2 > (1-9) (B.3.33)

This implies that if 0 < § < 1/2, every & € S5 has a unique closest subspace in
the mixture. Hence, under this condition, the following mapping s : S5 — S
is well-defined:

7s(§) = 7s,, (§), where k, = arg min dist(§, Sy). (B.3.34)
ke[K]
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Now, we define a code for xs by
x5 = q(ms(zs)). (B.3.35)

Clearly this is associated to a rate-R code for x5, because it uses the encoding-
decoding mappings from the rate-R code for . We have to show that it achieves
small distortion. We calculate

E{les — sll3] = E |llzs — a(rs(@s)]] (B.3.36)

- ([E [||a:5 - Ws(w5)||§} - +E [””5("35) - Q(Ws(wa))\\g} 1/2>27
(B.3.37)

where the inequality uses the Minkowski inequality. Now, by Definitions B.1
and B.2, we have deterministically

s — ms(x5)||5 < 62, (B.3.38)

so the expectation also satisfies this estimate. For the second term, it will suffice
to characterize the density of the random variable ws(xs) as being sufficiently
close to the density of &—which, as Assumption B.3 implies, is a mixture of
uniform distributions on each sub-sphere S;. By the argument above, every
point & € Ss can be associated to one and only one subspace Uy, which means
that the mixture components in the definition of Ss (recall Definition B.2) do
not overlap. Hence, the density ms(xs) can be characterized by studying the
effect of ms, on the conditional random variable x5, conditioned on being drawn
from Sp 5. Denote this measure by py 5. We claim that the pushforward of
this measure under ms, is uniform on S&. To see that this holds, we recall
Equation (B.3.28), which gives the characterization

S = {s' +&+

¢l € Span(Uy), £+ € Span(Uy)*L, [|e||7 + (Hg”Hz - 1)2 < 52} .

(B.3.39)
The conditional distribution in question is uniform on this set; we need to show
that the projection s, applied to this conditional random variable yields a
random variable that is uniform on Sx. With respect to these coordinates, we
have seen that 7s, (&Il +&1) = &ll/)€ll||2. Hence, for any & € Sk, we have that
the preimage of £ in Sy 5 under 7g, is

n5l(€) = {re+ € | r>0.6" e span(U €3+ r -1 <07}
(B.3.40)
To show that (7s, )sfik,s is uniform, we need to decompose the integral of the
uniform density on Sj; s in a way that makes it clear that each of the fibers
ngl (&) (for each & € Sy) “contributes” equally to the integral.® We have by

SMore rigorously, this corresponds to decomposing the uniform density on Sk,s into a
regular conditional density corresponding to & € Si, and showing that the corresponding
density on & is uniform. The proof makes it clear this is true.
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Definition B.2

1(Sy.5) = 1 delldet. B.3.41
VO( k,é) /‘/‘Span(Uk-)><Span(Uk)L HELH%_F(||£”H2_1)2§62 s ( )

In particular, the integration over the orthogonal coordinates factors. Let d@¢
denote the uniform (Haar) measure on the sphere of radius 1 in R?. Converting
the &/l integral to polar coordinates, we have

vol(S5) = / / / P e 2 g2 drd@TEdET.
[0,00) J 8%~ JSpan(Uy)+ &= ll2+(r—1)"<62
(B.3.42)

Comparing to the fiber representation (B.3.40), we see that we need to “integrate
out” over the r and &€+ components of the preceding integral in order to verify
that the pushforward is uniform. But this is evident, as the previous expression
shows that the value of this integral is independent of &l—or, equivalently in
context, the value of the spherical component 6% .

Thus it follows from the above argument that ws(xs) is uniform. Because
the assumption on § implies that the mixture components in the distribution
of xs do not overlap, the mixing weights 7, are also preserved in the image
7s(xs), and in particular, the distribution of ws(x;s) is equal to the distribution
of @. Hence the second term in Equation (B.3.37) satisfies

E [Irs(@s) - alns(@s) 3] = E [l — a@)ll}] < ¢, (B.3.43)

because q is a distortion-e¢ code for x.

We have thus shown that the hypothesized rate-R, (expected squared) distortion-
€2 code for & produces a rate-R, (expected squared) distortion & + € code for
xs. This establishes that

Rsic(xs5) < Re(x), (B.3.44)

as was to be shown.
O
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