Chapter 7

Inference with
Low-Dimensional
Distributions

“Mathematics is the art of giving the same name to different
things.’

— Henri Poincaré

In the previous Chapters of this book, we have studied how to effectively
and efficiently learn a representation for a variable x in the world with a dis-
tribution p(x) that has a low-dimensional support in a high-dimensional space.
So far, we have mainly developed the methodology for learning representation
and autoencoding in a general, distribution or task-agnostic fashion. With such
a learned representation, one can already use it to perform some generic and
basic tasks such as classification (if the encoding is supervised with the class)
and generation of random samples that have the same distribution as the given
data (say natural images or natural languages).

More generally, however, the universality and scalability of the theoretical
and computational framework presented in this book has enabled us to learn
the distribution of a variety of important real-world high-dimensional data such
as natural languages, human poses, natural images, videos, and even 3D scenes.
Once the intrinsically rich and low-dimensional structures of these real data
can be learned and represented correctly, they start to enable a broad family
of powerful, often seemingly miraculous, tasks. Hence, from here onwards, we
will start to show how to connect and tailor the general methods presented in
previous Chapters to learn useful representations for specific structured data
distributions and for many popular tasks in modern practice of machine intel-
ligence.
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Figure 7.1: Inference with low-dimensional distributions. This is the generic
picture for this chapter: we have a low-dimensional distribution for @ € RP (here
depicted as a union of two 2-dimensional manifolds in R*) and a measurement model
y=h(z)+we R?. We want to infer various things about this model, including the
conditional distribution of @ given y, or the conditional expectation E[z | y], given
various information about the model and (potentially finite) samples of either @ or y.

7.1 Bayesian Inference and Constrained Opti-
mization

7.1.1 Bayesian Inference with Low-Dimensional Distribu-
tions

Leveraging low-dimensionality for stable and robust inference. Gen-
erally speaking, a good representation or autoencoding should enable us to
utilize the learned low-dimensional distribution of the data x and its represen-
tation z for various subsequent classification, estimation, and generation tasks
under different conditions. As we have alluded to earlier in Chapter 1 Section
1.2.2, the importance of the low-dimensionality of the distribution is the key for
us to conduct stable and robust inference related to the data x, as illustrated
by the few simple examples in Figure 1.11, from incomplete, noisy, and even
corrupted observations. As it turns out, the very same concept carries over
to real-world high-dimensional data whose distributions have a low-dimensional
support, such as natural images and languages.

Despite a dazzling variety of applications in the practice of machine learning
with data such as languages, images, videos and many other modalities, almost
all practical applications can be viewed as a special case of the following inference
problem: given an observation y that depends on x, say

y = h(z) +w, (7.1.1)

where h(-) represents measurements of a part of & or certain observed attributes
and w represents some measurement noise and even (sparse) corruptions, solve
the “inverse problem” of obtaining a most likely estimate &(y) of @ or generating
a sample & that is at least consistent with the observation y ~ h(z). Figure 7.1
illustrates the general relationship between x and y.
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Figure 7.2: Left: image completion. Right: text prediction. In particular, text
prediction is the inspiration for the popular Generative Pre-trained Transformer

(GPT).

Ezample 7.1 (Image Completion and Text Prediction). The popular natural
image completion and natural language prediction are two typical tasks that
require us to recover a full data x from its partial observations y, with parts of
x masked out and to be completed based on the rest. Figure 7.2 shows some
examples of such tasks. In fact, it is precisely these tasks which have inspired
how to train modern large models for text generation (such as GPT) and image
completion (such as the masked autoencoder) that we will study in greater detail
later. |

Statistical interpretation via Bayes’ rule. Generally speaking, to ac-
complish such tasks well, we need to get ahold of the conditional distribution
p(x | y). If we had this, then we would be able to find the maximal likelihood
estimate (prediction):

& = arg max p(x | y); (7.1.2)

or compute the conditional expectation estimate:

&~z |y = [ ople | y)de; (713)
or sample from the conditional distribution:

z~plx|y). (7.1.4)

Notice that if the conditional distribution p(x | y) has a low-dimensional
support that is nonlinear, these three different estimates can be rather different,
as illustrated in Figure 7.3. Conceptually, the maximum a posteriori (MAP)
estimate is the most desired one—it is the sample of the highest probability
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Figure 7.3: Comparison of three different surrogates for an estimate of & given
Y.

to have produced the observation y, but it is typically the most expensive to
compute.
Notice that from Bayes’ rule, we have

p(y | z)p(x)
O (7.1.5)

For instance, the maximal likelihood estimate can be computed by solving the
following (maximal log likelihood) program:

plx|y) =

& = arg max[logp(y | ) + log p(x)], (7.1.6)

say via gradient ascent:
Tp1 =@+ a- (Vglogp(y | x) + V logp(x)). (7.1.7)

Efficiently computing the conditional distribution p(x | y) naturally depends
on how we learn and exploit the low-dimensional distribution p(x) of the data
x and the observation model y = h(x) + w that determines the conditional
distribution p(y | x).

Remark 7.1 (End-to-End versus Bayesian Inference). In the modern practice
of data-driven machine learning, for certain popular tasks people often directly
learn the conditional distribution p(x | y) or a (probabilistic) mapping or a
regressor. Such a mapping is often modeled by some deep networks and trained
end-to-end with sufficient paired samples (x,y). Such an approach is very
different from the above Bayesian approach in which both the distribution of
x ~ p(x) and the (observation) mapping are needed. The benefit of the Bayesian
approach is that the learned distribution p(x) can facilitate many different tasks
with varied observation models and conditions.

7.1.2 Constrained Optimization with Submanifolds

Geometric interpretation as constrained optimization. As the support
Sz of the distribution of x is low-dimensional, we may assume that there exists



§7.1 263

a function F' such that
F(x)=0 — reS, (7.1.8)

such that S = F~1({0}) is the low-dimensional support of the distribution
p(x). Geometrically, one natural choice of F(z) is the “distance function” to
the support Sg:

F(x) = mi — . 1
(@) = min @2 (7.19)

Notice that, in reality, we only have discrete samples on the support of the
distribution. In the same spirit of continuation, through diffusion or lossy coding
studied in Chapters 3 and 4, we may approximate the distance function as
F(x) ~ ming, cc: || — xpll2 where Sp is replaced by a covering Cg of the
samples with e-balls. But if the analytical form of a simple distribution is
given, sometimes F'(x) can be computed explicitly.

Ezample 7.2 (Distance to a Line in R?). Let us assume that the support of a
low-dimensional distribution in R3 is the xs-axis. Then the distance function

F(x) is given by:
F(x) = /22 + 22 (7.1.10)
|

To see how such a function plays an important role in exploiting the distri-
bution, for simplicity, we will assume that, for the rest of the subsection, the
distance function is already given.

Now given y = h(x) + w, to solve for @, we can solve the following con-
strained optimization problem:

1
max—§||h(:c) — y||§ st. F(x)=0. (7.1.11)
€T

Using the method of augmented Lagrange multipliers, we can solve the following
unconstrained program:

max [—;Hh(:c) — Y2+ \F(z) — ‘Q‘F(w)ﬂ (7.1.12)

for some constant Lagrange multiplier A. This is equivalent to the following
program:

max [logexp ( - %Hh(w) - y||§) + logexp ( - g(F(w) - )\/u)2)} , (7.1.13)

where ¢ = A\/u can be viewed as a “mean” for the constraint function. As
it becomes large when enforcing the constraint via continuation', ¢ becomes

n the same spirit of continuation in Chapter 3 where we obtained better approximations
of our distribution by sending £ — 0, here we send p — oo. Larger values of p will constrain
F' to take smaller and smaller values at the optimum, meaning that the optimum lies within
a smaller and smaller neighborhood of the support Sg. Interestingly, the theory of Lagrange
multipliers hints that, under certain benign conditions on F' and other terms in the objective,
we only need to make p large enough in order to ensure F(x) = 0 at the optimum, meaning
that at finite penalty we get perfect approximation of the support. In general, we should have
the intuition that u plays the same role as e~ 1.
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increasingly small. The above program may be interpreted in two different
ways.

Firstly, one may view the first term as the conditional probability of y given
x, and the second term as a probability density for :

1 %

Py | @) cexp (= 5lh@) ~ i), pl@) xexp (- L(F@) - 0)?). (7.114)
Hence, solving the constrained optimization for the inverse problem is equiva-
lent to conducting Bayes inference with the above probability densities. Hence
solving the above program (7.1.13) via gradient ascent is equivalent to the above
maximal likelihood estimate (7.1.7), in which the gradient takes the form:

Vzlogp(y | @) + Vg log p(z) (7.1.15)
oh OF
- _ _ N\ T _ A Sl
= (@) ~y) g (@) p(F@) -~ o (x),  (T116)
where %(m) and g—i(w) are the Jacobian of h(x) and F(x), respectively.

Ezample 7.3 (Gradient of F(x)). For the distance function defined in Example
7.2, its gradient is given by
&

oF xT) = _ o . (7.1.17)

7 Vat+ad | g

Notice that unlike regular smooth functions whose gradient is typically unique
at a fixed point, the gradients of the distance function at a point in the support,
say (0,0, z3), can span an entire subspace complementary to the support. N

Notice that the above (gradient)

(P (@)~ )2 (@)

always points towards the low-dimensional support of the distribution. Hence
the descent process can be viewed as a “denoising” process, studied in Chapter 3,
that gradually enforces the data to be closer to the correct support. Notice that
the above derivation suggests that the “step size” of the score V4 log p(x) of the
denoising process is
plF(x) =M p|

which for any fixed p is nearly proportional to the distance of the point x to
the support.

Secondly, notice that solving the above program (7.1.13) with p increasing
is equivalent to:

1 2 M 2
Ty :argménéﬂh(a:) —y||2+§(F(ac) — M) as ptoo. (7.1.18)

Due to the conspicuous quadratic form of the two terms in the above equation,
they can also be interpreted as certain “energy” functions. Such a formulation
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Figure 7.4: Illustration of the continuation process of enforcing the constraints
F(x) =0 and y = h(x).

is often referred to as “Energy Minimization” in the machine learning literature,
advocated by people like Yann LeCun [LCH+06]. Here the energy of a point
x is a quadratic function of its distance to the support of the desired distribu-
tion. Notice that in Chapter 3 and Chapter 4, we have argued that the notion
of entropy is to measure the “volume” or uncertainty of the data distribution
whereas here the energy depends on the “distance” of & to the support of the
distribution. As we minimize the above energy functions, the entropy (or un-
certainty) of the feasible solutions reduces until it reaches (a feasible solution
of) the optimal MAP estimate, as illustrated in Figure 7.4.

7.1.3 Representative Practical Settings for Inference

Notice that the above discussion and derivation are based on the assumption
that we have perfect knowledge about the function F(x) and the observation
model h(x). In practice, however, they may not be available at all and need to
be “learned” from the data given. Hence to make the above conceptual solution
truly computable, we need to deal with various situations in which information
about the distributions of @ and the relationship between x and y are given or
accessible in different ways and forms.

In general, they can mostly be categorized into four cases, which are, con-
ceptually, increasingly more challenging:

e (Case 1: Both a model for the distribution of & and the observation model
y = h(x) (possibly with added noise w) are known, even with an ana-
lytical form. This is typically the case for many classic signal processing
problems, such as signal denoising, the sparse vector recovery problem
we saw in Chapter 2 and the low-rank matrix recovery problem to be
introduced below.

e Case 2: We do not have a model for the distribution but only samples
X = {x1,...,zn} of , and the observation model y = h(z) (possibly



266 Chapter 7

with added noise w) is known.? A model for the distribution p(x) of =
needs to be learned, and subsequently the conditional distribution p(z |
y). Natural image completion or natural language completion (e.g., BERT
and GPT) are typical examples of this class of problems.

o Case 3: We only have some paired samples: (X,Y) = {(z1,9y1),..., (N, yn)}

of the two variables (x,y). The distributions of  and y and their re-
lationship h(-) need to be learned from these paired sample data. For
example, given many images and their captions, learning to conduct text-
conditioned image generation is one such problem.

e Case 4: We only have the samples Y = {y1,...,yn} of the observations
y, and the observation model h(-) needs to be known, at least in some
parametric family h(-,0). The distribution p(x) and p(x | y) need to be
learned from &, estimated from Y. For example, learning to render a
new view from a sequence of calibrated or uncalibrated views is one such
problem.

In this chapter, we will discuss general approaches to learn the desired distri-
butions and solve the associated conditional estimation or generation for these
cases, typically with a representative practical problem. Throughout the chap-
ter, the reader should keep Figure 7.1 in mind.

7.2 Conditional Inference with a Known Data
Distribution

Notice that in the setting we have discussed in previous Chapters, the autoen-
coding network is trained to reconstruct a set of samples of the random vector .
This would allow us to regenerate samples from the learned (low-dimensional)
distribution. In practice, the low-dimensionality of the distribution, once given
or learned, can be exploited for stable and robust recovery, completion, or pre-
diction tasks. That is, under rather mild conditions, one can recover x from
highly compressive, partial, noisy or even corrupted measures of « of the kind:

y = h(z) +w, (7.2.1)

where y is typically an observation of x that is of much lower dimension than
x and w can be random noise or even sparse gross corruptions. This is a class
of problems that have been extensively studied in the classical signal processing
literature, for low-dimensional structures such as sparse vectors, low-rank matri-
ces, and beyond. Interested readers may see [WM22] for a complete exposition
of this topic.

Here to put the classic work in a more general modern setting, we illustrate
the basic idea and facts through the arguably simplest task of data (and par-
ticularly image) completion. That is, we consider the problem of recovering a

2In the literature, this setting is sometimes referred to as the empirical Bayesian inference.
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sample & when parts of it are missing (or even corrupted). We want to recover
or predict the rest of & from observing only a fraction of it:

fiPalx) s &, (7.2.2)

where Pq( ) represents a masking operation (see Figure 7.5 for an example).

In this section and the next, we will study the completion task under two dif-
ferent scenarios: One is when the distribution of the data x of interest is already
given a priori, even in a certain analytical form. This is the case that prevails
in classic signal processing where the structures of the signals are assumed to
be known, for example, band-limited, sparse or low-rank. The other is when
only raw samples of  are available and we need to learn the low-dimensional
distribution from the samples in order to solve the completion task well. This
is the case for the tasks of natural image completion or video frame prediction.
As a precursor to the rest of the chapter, we start with the simplest case of
image completion: when the image to be completed can be well modeled as a
low-rank matrix. We will move on to increasingly more general cases and more
challenging settings later.

Low-rank matrix completion. The low-rank matriz completion problem is
a classical problem for data completion when its distribution is low-dimensional
and known. Consider a random sample of a matrix X, = [z1,...,x,] € R™*"
from the space of all matrices of rank 7. In general, we assume the rank of the
matrix is

rank(X,) = r < min{m,n}. (7.2.3)

So it is clear that locally the intrinsic dimension of the space of all matrices of
rank 7 is much lower than the ambient space mn.
Now, let 2 indicate a set of indices of observed entries of the matrix X,.
Let the observed entries be:
Y = Pa(X,). (7.2.4)

The remaining entries supported on Q¢ are unobserved or missing. The prob-
lem is whether we can recover from Y the missing entries of X correctly and
efficiently. Figure 7.5 shows one example of completing such a matrix.

Notice that the fundamental reason why such a matrix can be completed is
that columns and rows of the matrix are highly correlated and they all lie on a
low-dimensional subspace. For the example shown in Figure 7.5, the dimension
or the rank of the matrix completed is only two. Hence the fundamental idea
to recover such a matrix is to seek a matrix that has the lowest rank among all
matrices that have entries agreeing with the observed ones:

m)én rank(X) subject to Y = Pq(X). (7.2.5)

This is known as the low-rank matriz completion problem. See [WM22] for a
full characterization of the space of all low-rank matrices. As the rank function
is discontinuous and rank minimization is in general an NP-hard problem, we
would like to relax it with something easier to optimize.
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Figure 7.5: Illustration of completing an image as low-rank matrix with some
entries masked or corrupted. Left: the masked /corrupted image Y'; middle: the
mask (Q; right: the completed image X.

Based on our knowledge about compression from Chapter 3, we could pro-
mote the low-rankness of the recovered matrix X by enforcing the lossy coding
rate (or the volume spanned by X) of the data in X to be small:

1
min R (X) = 5 log det (I+aXX") subjectto Y =Pqo(X). (7.2.6)

The problem can be viewed as a continuous relaxation of the above low-rank
matrix completion problem (7.2.5) and it can be solved via gradient descent.
One can show that the gradient descent operator for the logdet objective is
precisely minimizing a close surrogate of the rank of the matrix XX .

The rate distortion function is a nonconvex function, and its gradient descent
does not always guarantee finding the globally optimal solution. Nevertheless,
since the underlying structure sought for X is piecewise linear, the rank function
admits a rather effective convex relaxation: the nuclear norm—the sum of all
singular values of the matrix X . As shown in the compressive sensing literature,
under fairly broad conditions,® the matrix completion problem (7.2.5) can be
effectively solved by the following convex program:

min || X ||« subject to Y = Pq(X), (7.2.7)

where the nuclear norm || X, is the sum of singular values of X. In prac-
tice, we often convert the above constrained convex optimization program to an
unconstrained one:

min | X |l + MY = Pa(X)|I%, (7.2.8)

for some properly chosen A > 0. Interested readers may refer to [WM22] for
how to develop algorithms that can solve the above programs efficiently and
effectively. Figure 7.5 shows a real example in which the matrix X is actually
recovered by solving the above program.

3Typically, such conditions specify the necessary and sufficient amount of entries needed
for the completion to be computationally feasible. These conditions have been systematically
characterized in [WM22].
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Further extensions. It has been shown that images (or more accurately tex-
tures) and 3D scenes with low-rank structures can be very effectively completed
via solving optimization programs of the above kind, even if there is additional
corruption and distortion [LRZ+12; YZB+23; ZLG+10]:

Yor=X,+E, (7.2.9)

where 7 is some unknown nonlinear distortion of the image and F is an unknown
matrix that models some (sparse) occlusion and corruption. Again, interested
readers may refer to [WM22] for a more detailed account.

7.3 Conditional Inference with a Learned Data
Representation

In the previous subsection, the reason we can infer  from the partial observation
y is because (the support of) the distribution of X is known or specified a priori,
say as the set of all low-rank matrices. For many practical datasets, we do not
have their distribution in an analytical form like the low-rank matrices, say the
set of all natural images. Nevertheless, if we have sufficient samples of the data
x, we should be able to learn its low-dimensional distribution first and leverage
it for future inference tasks based on an observation y = h(x) + w. In this
section, we assume the observation model h(-) is given and known. We will
study the case when h(-) is not explicitly given in the next section.

7.3.1 Image Completion with Masked Auto-Encoding

For a general image X such as the one shown on the left of Figure 7.6, we
can no longer view it as a low-rank matrix. However, humans still demonstrate
remarkable ability to complete a scene and recognize familiar objects despite
severe occlusion. This suggests that our brain has learned the low-dimensional
distribution of natural images and can use it for completion, and hence recog-
nition. However, the distribution of all natural images is not as simple as a
low-dimensional linear subspace. Hence a natural question is whether we can
learn the more sophisticated distribution of natural images and use it to perform
image completion?

One empirical approach to the image completion task is to find an encod-
ing and decoding scheme by solving the following masked autoencoding (MAE)
program that minimizes the reconstruction loss:

min Lyag (/. g) = Efll(g o /)(Pa(X)) - X|3]- (7.3.1)

Unlike the matrix completion problem which has a simple underlying structure,
we should no longer expect that the encoding and decoding mappings admit
simple closed forms or the program can be solved by explicit algorithms.

For a general natural image, we can no longer assume that its columns or
rows are sampled from a low-dimensional subspace or a low-rank Gaussian.
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Figure 7.6: Diagram of the overall (masked) autoencoding process. The
(image) token representations are transformed iteratively towards a parsimonious (e.g.,
compressed and sparse) representation by each encoder layer f*. Furthermore, such
representations are transformed back to the original image by the decoder layers g*.
Each encoder layer f* is meant to be (partially) inverted by a corresponding decoder
layer g=~*.

However, it is reasonable to assume that the image consists of multiple regions.
Image patches in each region are similar and can be modeled as one (low-rank)
Gaussian or subspace. Hence, to exploit the low-dimensionality of the distri-
bution, the objective of the encoder f is to transform X to a representation
VA

[+ X—Z (7.3.2)

such that the distribution of Z can be well modeled as a mixture of subspaces,
say {Ujk1}, such that the rate reduction is maximized while the sparsity is
minimized:

Ez—rx)[ARA(Z | Uik) — Al Z]lo] = Ez=px)[Re(Z) — R(Z | Ujky) — Ml Z]fo]s

(7.3.3)
where the functions R.(-) and R¢() are defined in (5.2.2) and (5.2.3), respec-
tively.

As we have shown in the previous Chapter 5, the encoder f that minimizes
the above objective can be constructed as a sequence of transformer-like oper-
ators. As shown in the work of [PBW+24], the decoder g can be viewed and
hence constructed explicitly as the inverse process of the encoder f. Figure 7.7
illustrates the overall architectures of both the encoder and the corresponding
decoder at each layer. The parameters of the encoder f and decoder g can be
learned by optimizing the reconstruction loss (7.3.1) via gradient descent.

Figure 7.8 shows some representative results of the thus-designed masked
auto-encoder. More implementation details and results of the masked autoen-
coder for natural image completion can be found in Chapter 8 Section 8.5.

7.3.2 Conditional Sampling with Measurement Matching

The above (masked) autoencoding problem aims to generate a sample image
that is consistent with certain observations or conditions. But let us examine
the approach more closely: given the visual part of an image X, = Pq(X), we
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Figure 7.7: Diagram of each encoder layer (top) and decoder layer (bottom).
Notice that the two layers are highly anti-parallel — each is constructed to do the
operations of the other in reverse order. That is, in the decoder layer gz, the ISTA
block of fX~¢ is partially inverted first using a linear layer, then the MSSA block of
fE=* is reversed; this order unravels the transformation done in fX=¢.

Masked ViT-MAE ~ CRATE-MAE  Original Masked ViT-MAE  CRATE-MAE  Original
g .. i T

Figure 7.8: Autoencoding visualizations of CRATE-Base and ViT-MAE-
Base [HCX+22] with 75% patches masked. We observe that the reconstructions
from CRATE-Base are on par with the reconstructions from ViT-MAE-Base, despite
using < 1/3 of the parameters.

try to estimate the masked part X,,, = Pqc(X). For realizations (E,,Z,,) of
the random variable X = (X, X,,,), let

=)
—

[1

v)

be the conditional distribution of X,, given X,. It is easy to show that the
optimal solution to the MAE formulation (7.3.1) is given by the conditional
expectation:

pXm|Xv( m |

arg min Lyag(h) = Ey > Ep + E[ X | X, = E4). (7.3.4)
h=gof

In general, however, this expectation may not even lie on the low-dimensional
distribution of natural images! This partially explains why some of the recovered
patches in Figure 7.8 are a little blurry.

For many practical purposes, we would like to learn (a representation of)
the conditional distribution px |x,, or equivalently px|x,, and then get a
clear (most likely) sample from this distribution directly. Notice that, when the
distribution of X is low-dimensional, it is possible that if a sufficient part of
X, X, is observed, it fully determines X and hence the missing part X,,. In
other words, the distribution px|x, is a generalized function (analogous to a
delta function).
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Figure 7.9: Sampling visualizations from models trained via ambient dif-
fusion [DSD+23b] with 80% of the pixels masked. Using a similar ratio of
masked pixels as in Figure 7.8, the ambient diffusion sampling algorithm recovers a
much sharper image than the blurry image recovered by the MAE-based method. The
former method samples from the distribution of natural images, while the latter ap-
proximates the conditional expectation (i.e., average) of this distribution given the
observation; this averaging causes the blurriness.

Hence, instead of solving the completion task as a conditional estimation
problem, we should address it as a conditional sampling problem. To that end,
we should first learn the (low-dimensional) distribution of all natural images X.
If we have sufficient samples of natural images, we can learn the distribution via
a denoising process X, described in Chapter 3. Then the problem of recovering
X from its partial observation Y = Pgq(a)+w becomes a conditional generation
problem—to sample the distribution conditioned on the observation.

General linear measurements. In fact, we may even consider recovering
X from a more general linear observation model:

Y = AX,, X,=Xo+ oG, (7.3.5)

where A is a linear operator on matrix space’ and G ~ N(0,I). The masking
operator Pq(+) in the image completion task is one example of such a linear
model. Then it has been shown by [DSD+23a] that

X. = arg min E[| A(X (AX,, A) — Xo)||’] (7.3.6)
X

satisfies the condition that:
AX,(A(X,),A) = AE[X, | AX,, A]. (7.3.7)

Notice that in the special case when A is of full column rank, we have E[X |
AX;, A] = E[ X, | X¢]. Hence, in the more general case, it has been suggested
by [DSD+23a] that one could still use the so obtained E[X, | A(X}:), A] to
replace the E[ X | X;] in the normal denoising process for X;:

Xy =1 X: + (1 - w)E[Xo | AX,, A (7.3.8)

4i.e., if we imagine unrolling X into a long vector then A takes the role of a matrix on

X-space
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This usually works very well in practice, say for many image restoration tasks,
as shown in [DSD+23a]. Compared to the blurry images recovered from MAE,
the images recovered by the above method are much sharper as it leverages a
learned distribution of natural images and samples a (sharp) image from the
distribution that is consistent with the measurement, as shown in Figure 7.9
(cf. Figure 7.8).

General nonlinear measurements. To generalize the above (image) com-
pletion problems and make things more rigorous, we may consider that a random
vector & ~ p is partially observed through a more general observation function:

y =h(z) +w, (7.3.9)

where w usually stands for some random measurement noise, say of a Gaussian
distribution w ~ N(0,02I). Tt is easy to see that, for  and y so related, their
joint distribution p(x,y) is naturally nearly degenerate if the noise w is small.
To a large extent, we may view p(x,y) as a noisy version of a hypersurface
defined by the function y = h(x) in the joint space (x,vy). Practically speaking,
we will consider a setting more akin to masked autoencoding than to pure matrix
completion, where we always have access to a corresponding clean sample x for
every observation y we receive.”

Like image/matrix completion, we are often faced with a setting where y
denotes a degraded or otherwise “lossy” observation of the input . This can
manifest in quite different forms. For example, in various scientific or medical
imaging problems, the measured data y may be a compressed and corrupted
observation of the underlying data x; whereas in 3D vision tasks, y may rep-
resent an image captured by a camera of a physical object with an unknown
(low-dimensional) pose ®. Generally, by virtue of mathematical modeling (and,
in some cases, co-design of the measurement system), we know h and can eval-
uate it on any input, and we can exploit this knowledge to help reconstruct and
sample x.

At a technical level, we want the learned representation of the data to facili-
tate us to sample the conditional distribution pg|,, also known as the posterior,
effectively and efficiently. More precisely, write v to denote a realization of the
random variable y. We want to generate samples @ such that:

&~ pry(- |y =v). (7.3.10)

Recall that in Section 3.2, we have developed a natural and effective way to
produce unconditional samples of the data distribution p. The ingredients are
the denoisers &*(t, &) = E[x | ©; = £], or their learned approximations &g (t, &),
for different levels of noisy observations &; = +tg (and & for their realizations)
under Gaussian noise g ~ N (0, I), and ¢ € [0, 7] with a choice of times 0 = t; <

5In some more specialized applications, in particular in scientific imaging, it is of inter-
est to be able to learn to generate samples from the posterior pg|, without access to any
clean/ground-truth samples of . We give a brief overview of methods for this setting in the
end-of-chapter notes.
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Figure 7.10: Statistical dependency diagrams for the conditional sampling pro-
cess. Left: In a direct (conceptual) application of the diffusion-denoising scheme
we have developed in Chapter 3 to conditional sampling, we use samples from
the posterior pg|, to train denoisers directly on the posterior at different noise
levels, then use them to generate new samples. In practice, however, we do
not normally have direct samples from the posterior, but rather paired samples
(z,y) from the joint. Right: It turns out that it suffices to have only noisy ob-
servations of & to realize the denoisers corresponding t0 pye|ge: this follows from
conditional independence of x; and y given . It implies that pgely = Pz,|y,
which gives a score function for denoising that consists of the unconditional
score function, plus a correction term that enforces measurement consistency.

- < tr, =T at which to perform the iterative denoising, starting from &;, ~
N(0,T?I) (recall Equation (3.2.82)).° We could directly apply this scheme to
generate samples from the posterior pg|, if we had access to a dataset of samples
x¢ ~ pa|y(- | v) for each realization v of y, by generating noisy observations x§
and training denoisers to approximate E[xz¢ | § = -,y = v], the mean of the
posterior under the noisy observation (see Figure 7.10(a)). However, performing
this resampling given only paired samples (x,y) from the joint distribution (say
by binning the samples over values of y) requires prohibitively many samples
for high-dimensional data, and alternate approaches explicitly or implicitly rely
on density estimation, which similarly suffers from the curse of dimensionality.

Fortunately, it turns out that this is not necessary. Consider the alter-
nate statistical dependency diagram in Figure 7.10(b), which corresponds to
the random variables in the usual denoising-diffusion process, together with the
measurement y. Because our assumed observation model (7.3.9) implies that

SRecall from our discussion in Section 3.2.2 that a few small improvements to this basic
iterative denoising scheme are sufficient to bring competitive practical performance. For clarity
as we develop conditional sampling, we will focus here on the simplest instantiation.
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x; and y are independent conditioned on a, we have for any realization v of y

Pasiy (- | ¥) = /pmﬂmc« 1) - Doy (€ | v)dE
—— =

=N (&,t21) =Pz|y

— [ peeac 1690 b€ 1€ (ma)
= /pmf,m|y( »5 | V)d£

= pwtly(' | V)'

Above, the first line recognizes an equivalence between the distributions arising
in Figure 7.10 (a,b); the second line applies this together with conditional inde-
pendence of x; and y given x; the third line uses the definition of conditional
probability; and the final line marginalizes over . Thus, the denoisers from
the conceptual posterior sampling process are equal to E[x | ; = -,y = V],
which we can learn solely from paired samples (x,y), and by Tweedie’s formula
(Theorem 3.2), we can express these denoisers in terms of the score function of
Dz, |y, Which, by Bayes’ rule, satisfies

py\ﬂm(’/ | £)pa, (€)
py(V)

P,y (€ | V) = : (7.3.12)

Recall that the density of x; is given by p; = ¢ * p, where ¢; denotes the
standard Gaussian density with zero mean and covariance t>I and * denotes
convolution. This is nothing but the unconditional score function obtained
from the standard diffusion training that we developed in Section 3.2! The
conditional score function then satisfies, for any realization (&, v) of (¢, y),

Velogpy,|y(& | V) = Velogpi(§) + Velogpypz, (v | €), (7.3.13)

score matching  measurement matching

giving (by Tweedie’s formula) our proposed denoisers as

Elw | =&y =v]=E+°Velogp(€) + t°Ve log pyja, (v | €)
= E[z | 2 = € + 1*Velogpyje, (v | €). (7.3.14)

The resulting operators are interpretable as a corrected version of the uncondi-
tional denoiser for the noisy observation, where the correction term (the so-called
“measurement matching” term) enforces consistency with the observations y.
This decomposition is the basis of classifier guidance, which we will develop in
detail in Section 7.4.1. The reader should take care to note to which argument
the gradient operators are applying in the above score functions in order to fully
grasp the meaning of this operator.

The key remaining issue in making this procedure computational is to pre-
scribe how to compute the measurement matching correction, since in general
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we do not have a closed-form expression for the likelihood py|,, except for when
t = 0. Before taking up this problem, we discuss an illustrative concrete example
of the entire process, continuing from those we have developed in Section 3.2.

Ezample 7.4. Consider the case where the data distribution is Gaussian with
mean g € RP and covariance ¥ € RPXP ie., & ~ N(u,X). Assume that X = 0
is nonzero. Moreover, in the measurement model (7.3.9), suppose we obtain
linear measurements of x with independent Gaussian noise, where A € R*P
and y = Az + ocw with w ~ N(0, I) independent of z. Below, we are going
to work out the following consequences of this model for the general framework
we have derived above. Specifically:

1. We will work out the precise forms of the posterior distribution pg, that we
are aiming to sample from.

2. We will work out the form of the measurement matching term from (7.3.13),
which gives us the additive correction to the unconditional denoiser for py|q,
that yields the denoiser for py4, o (recall (7.3.14)).

3. We will assess the specific form of the measurement matching term we derived
in the previous step, and posit a natural approximation that makes it far
less sample and compute intensive to learn the measurement matching term
from data. This approximation will be applied in greater generality, after
the conclusion of this example.

First, we note that = 4 »1/2g + p, where g ~ N(0, 1) is independent of
w and X'/2 is the unique positive square root of the covariance matrix X, and
after some algebra, we can then write

x| d »1/2 Of|g " n
yl ~ |AZY?2 oI |w Apl”
By independence, we have that (g, w) is jointly Gaussian, which means that

(z,y) is also jointly Gaussian, as the affine image of a jointly Gaussian vector.
Its covariance matrix is given by

sz o][=VY2 o] [® »AT
AZY?2 oI| |AXZY? oI| — |AZ AXAT + 70|

Now, we apply the fact that conditioning a random vector with joint Gaus-
sian distribution on a subset of coordinates is again a Gaussian distribution
(Exercise 3.2). By this, we obtain that

Paly(- [ V) =N<u+2AT (ASAT +021) " (v — Ap),

Hm\y(u)

(7.3.15)
»-3A7 (A%AT +0%1) AE).

>

z|y
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Next, since ¢y = x + tg’, where g’ ~ N(0,I) is independent of all other
random vectors, and since @ | y is Gaussian, by the calculation directly above,
it follows by another application of Exercise 3.2 that « | x,y is Gaussian. Its
conditional expectation function is given by reading off the mean of the Gaussian
distribution, which in this case is

Elw |2 =&y =v] = pa)y(V) + Zajy (Sapy + tzI)_1 (€ — pgpy(v)) . (7.3.16)

The functional form of this denoiser is quite simple, but it carries an unwieldy
dependence on the problem data u, 3, A, and o2. We can gain further insight
into its behavior by comparing it with Equation (7.3.14). We have as usual

Elz |2 =& =p+ S (S+2I) 7 (€ - p), (7.3.17)

which is rather simple—suggesting that the measurement matching term is
rather complicated. To confirm this, we can calculate the likelihood py 4, di-
rectly using the following expression for the joint distribution of (x, x, y):

T /2 0 o0 g n
g | 2| =2 1 ol |g|l+|pl, (7.3.18)
Yy AXY2 0 oI |w Ap

where g’ ~ N (0, I) independent of the other Gaussians. This is again a jointly
Gaussian distribution; restricting to only the final two rows, we have the covari-
ance

SU2 4 0] [ZV2 O 0] [S+a AT
AXY?2 0 oI| |AX'Y2 0 oIl | A AZAT 4021

Another application of Exercise 3.2 then gives us

Pylz, (- | €) =J\/<AN+AE (S +621) 7" (¢ —p),

/—"y|mt (E)

(7.3.19)
ATAT 40T - AS (S +£21) zAT>.

>

ylzy
Now notice that |5, (§) = AE[z | 2; = £]. So, by the chain rule,
t2v£ Ingy\mt (V | 5)
1 _
— ¢ |- 5 - ALl [0 =€) %}, (v - AFle | =€)

= #(E+ED)T'SATS L (v - Abz |2 = €]). (7.3.20)

This gives us a more interpretable decomposition of the conditional posterior
denoiser (7.3.16): following Equation (7.3.14), it is the sum of the unconditional
posterior denoiser (7.3.17) and the measurement matching term (7.3.20).
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We can further analyze the measurement matching term to understand cases
under which it can be approximated. Notice that

Syiw = 0T+ ATV2 (I-22 (54 21) 7' 512) 51247, (73.21)

If we let ¥ = VAV T denote an eigenvalue decomposition of X, where (v;) are
the columns of V| we can further write

=2 (1= (24 20) 7 B2 B2 = 2VAZ (A4 1) APYT

(7.3.22)

D
g » + L (7.3.23)

Then for any eigenvalue of 3 equal to zero, the corresponding summand is zero;
and writing A\pmin(3) for the smallest positive eigenvalue of 3, we have that

whenever t < y/Amin(2), it holds

/\j\:i? ~ (7.3.24)

So, when t < \/m , we have the approximation
Syje, ~ 01 (7.3.25)
The right-hand side of this approximation is equal to 3. So we have in turn
Velogpyje, (v | §) & Velogpyje(v | Elw | 2, = £]). (7.3.26)
|

Let us take some time to interpret the results of Example 7.4 before we
generalize it. The approximation (7.3.26) is, of course, a direct consequence
of the specific modeling assumptions we have made in Example 7.4. However,
notice that if we directly interpret this approximation, it is ab initio tractable:
the likelihood pyj, = N (Ax,0%I) is a simple Gaussian distribution centered
at the observation, and the approximation to the measurement matching term
that we arrive at can be interpreted as simply evaluating the log-likelihood at
the conditional expectation E[x | x; = €], then taking gradients with respect to
& (which involves backpropagating through the conditional expectation).

To gain insight into the effect of the convenient approximation (7.3.26), we
implement and simulate a simple numerical experiment in the Gaussian setting
in Figure 7.11. The sampler we implement is a direct implementation of the
simple scheme (3.2.82) we have developed in Chapter 3 and recalled above,
using the true conditional posterior denoiser, i.e. Equation (7.3.16) (samples are
marked with blue circles), and the convenient approximation to this denoiser
made through the measurement matching approximation (7.3.26) (samples are
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Figure 7.11: Numerical simulation of the conditional sampling setup (7.3.9),
with Gaussian data, linear measurements, and Gaussian noise. We simulate
D=2andd=1, with ¥ = eje{ + 1esej, p =0, and A = e]. The under-
lying signal @ is marked with a black star, and the measurement y is marked
with a black circle. Each individual plot corresponds to a different value of
sampler time t,, with different rows corresponding to different observation noise
levels 0. In each plot, the covariance matrix of x is plotted in gray, the pos-
terior covariance matrix and posterior mean of p, are plotted in blue (with
the posterior mean marked by a blue “x”), and contours for p,, |y are drawn
in green. The sampler hyperparameters are 7' = 1, L = 100, and we draw 100
independent samples to initialize the samplers. Samplers are implemented with
the closed-form denoisers derived in Example 7.4, with those using the approxi-
mation (7.3.26) marked with red triangles, and those using the exact conditional
posterior denoiser marked with blue circles. Top: For large observation noise
o = 0.5, both the exact conditional posterior denoiser and the approximate one
do a good job of converging to the posterior p,,. Sampling time (corresponding
to time in the “forward process”, so larger times mean larger noise) decreases
from left to right. The convergence dynamics for the exact and approximate
measurement matching term are similar. Bottom: For smaller observation
noise ¢ = 0.1, the approximate measurement matching term leads to extreme
bias in the sampler (red triangles): samples rapidly converge to an affine sub-
space of points that are consistent, modulo some shrinkage from the posterior
mean denoiser, with the measured ground truth, and later sampling iterations
are unable to recover the lost posterior variance along this dimension. Note that
different times t, are plotted in the bottom row, compared to the top row, to
show the rapid collapse of the approximation to the posterior along the mea-
surement dimension.
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marked with red triangles). The top row of Figure 7.11 shows a setting with
large measurement noise o2, and the bottom with small measurement noise.
The measurement matching approximation works very well in the large-noise
setting, with the caveat that in the small-noise setting, it suffers from rapid
collapse of the variance of the sampling distribution along directions that are
parallel to the rows of the linear measurement operator A, which cannot be
corrected by later iterations of sampling. Our analysis in Example 7.4 precisely
characterizes the level at which the noise becomes too “small” in terms of the
data covariance matrix X.

Generalizing the approximation: Diffusion Posterior Sampling. Ex-
ample 7.4 suggests a convenient approximation for the measurement matching
term, i.e. (7.3.26), which can be made beyond the Gaussian setting of the ex-
ample. To motivate this approximation in greater generality, notice that by
conditional independence of y and x; given x, we can write

Pyla, (V| ) = /py\m(v | € )pa|a, (&' | €)dE'. (7.3.27)

Formally, when the posterior pg|s, is a delta function centered at its mean E[x |
x; = £], the approximation (7.3.26) is exact. More generally, when the posterior
Pz|z, is highly concentrated around its mean, the approximation (7.3.26) is
accurate. This holds, for example, for sufficiently small ¢, which we saw explicitly
in the Gaussian setting of Example 7.4. Although the numerical simulation
in Figure 7.11 suggests that this approximation is not without its caveats in
certain regimes, it has proved to be a reliable baseline in practice, after being
proposed by Chung et al. as “Diffusion Posterior Sampling” (DPS) [CKM+23].
In addition, there are even principled and generalizable approaches to improve
it by incorporating better estimates of the posterior variance (which turn out
to be exact in the Gaussian setting of Example 7.4), which we discuss further
in the end-of-chapter summary.

Thus, with the DPS approximation, we arrive at the following approximation
for the conditional posterior denoisers E[x | y, 2], via Equation (7.3.14):

Elw |z =&y =v]~Ex|x, =& +t*Velogpy(v | Elx | @ = €]). (7.3.28)

And, for a neural network or other model &4 (¢, &) trained as in Section 3.2 to
approximate the denoisers E[x | «; = £] for each ¢ € [0,T], we arrive at the
learned conditional posterior denoisers

o (t,€,v) = To(t,€) + t*Ve logpyja (v | Zo(t, 6)). (7.3.29)

Note that the approximation (7.3.28) is valid for arbitrary forward models h in
the observation model (7.3.9), including nonlinear h, and even to arbitrary noise
models for which a clean expression for the likelihood py| is known. Indeed, in
the case of Gaussian noise, we have

el 1€) x 0 (1 () - w1 ) (7330
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Hence, evaluating the right-hand side of (7.3.29) requires only

1. A pretrained denoiser &y(t, &) for the data distribution p (of x), learned as
in Section 3.2 via Algorithm 3.2;

2. Forward and backward pass access to the forward model h for the measure-
ments (7.3.9);

3. A forward and backward pass through &y (¢, &), which can be evaluated effi-
ciently using (say) backpropagation.

Algorithm 7.1 Conditional sampling under measurements (7.3.9), with an
unconditional denoiser and DPS.

Input: An ordered list of timesteps 0 <ty < --- <ty < T to use for sampling.
Input: An unconditional denoiser &y : {tg}£:1 x RP — RP for py.
Input: Measurement realization v of y (Equation (7.3.9)) to condition on.
Input: Forward model h : RP? — R? and measurement noise variance o2 > 0.
Input: Scale and noise level functions o, o: {t;}}_, — R>o.
Output: A sample &, approximately from pg|,,.

1: function DDIMSAMPLERCONDITIONALDPS(Zg, v, h, 02, (to)E )

2: Initialize &;, ~ approximate distribution of z;, (VP = N(0,I), VE

= N(0,t31).)

3: for/{=L,L—-1,....,1do
4: Compute
Oto_1 X

Wity Qty_y o1, Qiy;

N . O—te_l ~ _ ~ o.t22 _ 2

B,y = oy, + | olte @) — 55 Ve |10 (te,€)) — vl

o, 20,0 =i,

5: end for
6: return &,

7: end function

Combining this scheme with the basic implementation of unconditional sam-
pling we developed in Section 3.2, we obtain a practical algorithm for conditional
sampling of the posterior pg|, given measurements following (7.3.9). Algo-
rithm 7.1 records this scheme for the case of Gaussian observation noise with
known standard deviation ¢, with minor modifications to extend to a general
noising process, as in Equation (3.2.85) and the surrounding discussion in Chap-
ter 3 (our discussion above made the simplifying choices oy = 1, oy = ¢, and
ty =TY¢/L, as for Equation (3.2.82) in Section 3.2).

Application to medical image reconstruction. The framework that we
have developed above is already powerful enough to be applied to solve various
scientific inverse problems, where the measurements y = h(z,) + w are the
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Figure 7.12: Simplified overview of magnetic resonance imaging (MRI) recon-
struction. (a) An overview of the imaging process. A slice of the object be-
ing imaged (say, a human brain) is measured in the Fourier domain via the
MRI machine. The spatial image can be reconstructed via direct inversion of
the Fourier domain measurements. (b) In practice, the MRI machine subsam-
ples the Fourier domain via a structured sampling pattern for the sake of effi-
ciency. This creates a linear inverse problem, where priors about the structure
of the underlying image must be exploited to enable unique reconstruction. (c)
The actual measurement apparatus uses a controlled magnetic field to obtain
the Fourier domain measurements. Images reproduced with permission from
[WM22].

outputs of a known measurement process h on a specific signal of interest x,,
and where there are infinitely many possible signals « that satisfy y = h(x)+w.
This means that to find the true x, that generated y, we need to exploit prior
information about the structure of «,. We will consider the probabilistic setting
where x, ~ p,, and where we have access to a prior on p,, say in the form of a
diffusion model.

An instructive example of a scientific inverse problem is magnetic resonance
imaging (MRI) (Figure 7.12), wherein the data distribution p, is over images
corresponding to an underlying object of interest (such as a 2D slice of a human
subject’s brain). In MRI applications, the measurement operator h corresponds
to the machine generating and modulating the magnetic field and recording the
patient’s response to it (Figure 7.12(c)). It can be modeled as implementing the
Fourier transform of the underlying spatial signal (Figure 7.12(a))—see [WM22,
Chapter 10] for a detailed mathematical derivation. In addition, for efficiency’s
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sake, the MRI machine typically only measures a subset of the measured fre-
quencies, in a structured measurement pattern that can be modeled as either a
radial or a spiral pattern (Figure 7.12(b)). Writing F to denote the (discrete)
Fourier transform operator and S to denote the machine’s (known) subsampling
pattern, the measured signal is then

y=3SoF(x,) +w. (7.3.31)

The measurement operator S o F is linear, implying that it can be represented
by a m x n matrix after appropriate reshaping, but it is also compressive, which
means that m < n and that we need to exploit prior knowledge about p, to
reconstruct @, (or more generally to sample from the posterior pg|y,).

The distribution p, of MRI images is simpler than some image distributions
(e.g., natural images), but it is still complex enough to benefit from using a
learned model for p, rather than an analytical one (cf. [WM22]). One direct
approach is to apply the diffusion posterior sampling approximation we devel-
oped in the previous section, which led to Algorithm 7.1, with the specific MRI
measurement operator A = SoF and a diffusion model pretrained on MRI data.
This precise combination of approaches has not appeared in the literature. In-
stead, we highlight results from a different but related approach, which enforces
measurement consistency on each diffusion step. Following the pioneering work
of Song et al. [SSX+22], numerous such measurement consistency algorithms for
medical image reconstruction have been developed, including the improved ap-
proaches of Song et al. [SKZ+-24] and Rout et al. [RRD+23] (which utilize latent
diffusion models, as we have developed for representation autoencoders in Chap-
ter 6). Figure 7.13 shows visual comparisons of reconstructed MRI images across
three different samples, comparing FISTA-TV (a classical, accelerated version
of the ISTA algorithm we studied in Chapter 2), the measurement consistency
diffusion modeling approach of Song et al. [SSX+422], and the ground truth. It
can be seen that superior reconstruction quality is achieved by the diffusion-
based method, as well as superior faithfulness to fine detail in the ground truth
image. Table 7.1 shows MRI reconstruction accuracy results (measured in terms
of PSNR) for the approach developed by Song et al. [SSX+22]. It compares fa-
vorably to supervised baselines (trained on many independent paired samples
(y,x,), which is an additional requirement) and unsupervised baselines (which
correspond to measurement matching approximations that came before diffusion
posterior sampling).

7.4 Conditional Inference with Paired Data and
Measurements

In many practical applications, we do not know either the distribution of the
data x of interest or the explicit relationship between the data and certain
observed attributes y of the data. We only have a (large) set of paired sam-
ples (X,Y) = {(x1,v1),..., (®xN,yn)} from which we need to infer the data
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FISTA-TV Diffusion Ground Truth

projection
PSNR: 33.38, SSIM: 0.948

fista_tv
PSNR: 29.32, SSIM: 0.898 Ground Truth

fista_tv

y projection
PSNR: 33.10, SSIM: 0.917 PSNR: 39.76, SSIM: 0.969 Ground Truth

Figure 7.13: Visual comparison of MRI reconstruction methods. Three
example brain MRI reconstructions showing FISTA-TV, the measurement con-
sistency diffusion approach of Song et al. [SSX+22], and ground truth images
on the BraTS MRI reconstruction dataset at 8x undersampling. The diffusion-
based approach produces reconstructions that more closely match the ground
truth structure compared to FISTA-TV, which can be seen to over-smooth the
fine details present in the ground truth image. At the same time, the degree
of faithfulness to the ground truth image in the diffusion-based reconstruction
(arising from the proper enforcement of measurement consistency) is remark-

able.

distribution and a mapping that models their relationship:
h:xw—y. (7.4.1)

The problem of image classification can be viewed as one such example. In
a sense, the classification problem is to learn an (extremely lossy) compressive
encoder for natural images. Say, given a random sample of an image x, we would
like to predict its class label y that best correlates the content in . We know
the distribution of natural images of objects is low-dimensional compared to the
dimension of the pixel space. From the previous chapters, we have learned that
given sufficient samples, in principle, we can learn a structured low-dimensional
representation z for & through a learned compressive encoding;:

frx—z (7.4.2)
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Method 24x Accel. 8x Accel. 4x Accel.
Cascade DenseNet 23.3949.17 28.35492.30 30.9749.33
DuDoRNet 18.46i3,05 37.88i3,03 30-53i4.13

Song et al. [SSK+21] 27.8349.73 35.0449.11 37.5549.08
Jalal et al. [JAD+21] 28.8043.91 36.44 45 o5 38.7642.32
Song et al. [SSX+22] 29.42 3 o3 37.634+2.70 39.91. 567

Table 7.1: MRI reconstruction results comparing measurement matching
approaches across different acceleration factors (the degree of Fourier space
subsampling in &) on the BraTS MRI reconstruction dataset. PSNR metrics
(higher is better) with standard deviations are reported. Cascade DenseNet
[ZFZ19] and DuDoRNet [ZZ20] are supervised baselines trained on paired sam-
ples at an 8x acceleration level. The last three methods are diffusion-based

approaches using measurement consistency. Reproduced with permission from
Song et al. [SSX+22].

The representation z can also be viewed as a learned (lossy but structured)
code for x. It is rather reasonable to assume that if the class assignment y
truly depends on the low-dimensional structures of  and the learned code z
truly reflects such structures, y and z can be made highly correlated and hence
their joint distribution p(z,y) should be extremely low-dimensional. Therefore,
we may combine the two desired codes y and z together and try to learn a
combined encoder:

frx—(z,9) (7.4.3)

where the joint distribution of (z,y) is highly low-dimensional.

From our study in previous chapters, the mapping f is usually learned as
a sequence of compression or denoising operators in the same space. Hence to
leverage such a family of operations, we may introduce an auxiliary vector w
that can be viewed as an initial random guess of the class label y. In this way,
we can learn a compression or denoising mapping:

fi(z,w) = (z,y) (7.4.4)

within a common space. In fact, the common practice of introducing an auxiliary
“class token” in the training of a transformer for classification tasks, such as
in ViT, can be viewed as learning such a representation by compressing (the
coding rate of) given (noisy) samples of (x,w). If the distribution of the data
x is already a mixture of (low-dimensional) Gaussians, the work [WTL+08]
has shown that classification can be done effectively by directly minimizing the
(lossy) coding length associated with the given samples.

7.4.1 Class-Conditioned Image Generation

While a learned classifier allows us to classify a given image « to its correspond-
ing class, we often would like to generate an image of a given class, by sampling



286 Chapter 7

the learned distribution of natural images. To some extent, this can be viewed
as the “inverse” problem to image classification. Let p, denote the distribution
of natural images, say modeled by a diffusion-denoising process. Given a class
label random variable y € [K] with realization v, say an “Apple”, we would like
to sample the conditional distribution pg,(- | ¥) to generate an image of an
apple:

T~ Pajy(- | V). (7.4.5)

We call this class-conditioned image generation.

In Section 7.3.2, we have seen how to use the denoising-diffusion paradigm
for conditional sampling from the posterior pg|, given model-based measure-
ments y = h(x) + w (Equation (7.3.9)), culminating in the DPS algorithm
(Algorithm 7.1). This is a powerful framework, but it does not apply to the
class (or text) conditioned image generation problem here, where an explicit
generative model h for the observations/attributes y is not available due to the
intractability of analytical modeling. In this section, we will present techniques
for extending conditional sampling to this setting.

Thus, we now assume only that we have access to samples from the joint
distribution of (z,y):

(Z,Y) ~ Da,y- (7.4.6)

As in the previous section, we define x; = ayx + ovg with g ~ N(0, I) indepen-
dent of (x,y), as in Equation (3.2.85) in Chapter 3, and we will repeatedly use
the notation & to denote realizations of & and x;.

This section focuses on the conceptual and algorithmic underpinnings for
conditional sampling in modern generative models. For a treatment focused on
implementation issues in various applications, see Chapter 8, Section 8.7 and
subsequent sections.

Classifier Guidance: Consistency via a Pretrained Classifier

Recall from Section 7.3.2 that the following decomposition of the optimal con-
ditional posterior denoiser holds, by virtue of Bayes’ rule and conditional inde-
pendence of y and x; given x (recall Figure 7.10):

2
Elz |z =¢&y=v]=Elx |z =& + %vg 108 Py, (v | €. (7.4.7)

In other words, the representation (7.4.7) for the optimal conditional denoiser
holds regardless of whether the explicit observation model y = h(x) + w is
valid. This means that if we can learn such a denoiser (7.4.7) in the paired data
setting, we can follow the denoising-diffusion methodology we have developed
in Chapter 3 to perform class-conditional sampling.

A natural idea is then to directly implement the likelihood correction term
in (7.4.7) using a deep network fp. with parameters 6., as in Equation (7.4.4):

fo. : (t, @) — softmax(Wheaaz(t, @t)). (7.4.8)
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This expression combines the final representations z (¢, x;) (which also depend on
6.) of the noisy inputs x; with a classification head Wheaq € REXd which maps
the representations to a probability distribution over the K possible classes.
As is common in practice, it also takes the time ¢ in the noising process as
input. Thus, with appropriate training, it provides an approximation to the
log-likelihood log p, |4, , and differentiating log fp, with respect to its input x;
allows an approximation to the second term in Equation (7.4.7):

2

~naive = a

Ly (t7mt7y) = Ty, (t7$t) =+ ;tth <10g f@c (tamt)vey> (749)
t

where, as usual, we approximate the first term in Equation (7.4.7) via a learned
unconditional denoiser for x; with parameters 64, and where we write e for
k € [K] to denote the k-th canonical basis vector for RX (i.e., the vector with
a one in the k-th position, and zeros elsewhere). The reader should note that
the conditional denoiser @y requires two separate training runs, with separate
losses: one for the classifier parameters 6., on a classification loss,” and one for
the denoiser parameters 64, on a denoising loss. Such an approach to conditional
sampling was already recognized and exploited to perform conditional sampling
in pioneering early works on diffusion models, notably those by Sohl-Dickstein
et al. [SWM+15] and by Song et al. [SSK+21].

However, this straightforward methodology has two key drawbacks (which
is why we label it as “naive”). The first is that, empirically, such a trained deep
network classifier frequently does not provide a strong enough guidance signal
(in Equation (7.4.7)) to ensure that generated samples reflect the conditioning
information y. This was first emphasized by Dhariwal and Nichol [DN21b], who
noted that in the setting of class-conditional ImageNet generation, the learned
deep network classifier’s probability outputs for the class y being conditioned
on were frequently around 0.5—large enough to be the dominant class, but
not large enough to provide a strong guidance signal-—and that upon inspec-
tion, generations were not consistent with the conditioning class y. Dhariwal
and Nichol [DN21b] proposed to address this heuristically by incorporating an
“inverse temperature” hyperparameter v > 0 into the definition of the naive
conditional denoiser (7.4.9), referring to the resulting conditional denoiser as
having incorporated “classifier guidance” (CG):

2
_ _ o
25 (t, x1,y) = T, (t, 1) + ya—ttvmt (log fo.(t,xs), ey) (7.4.10)

with the case v =1 coinciding with (7.4.9).

Dhariwal and Nichol [DN21b] found that a setting v > 1 performed best
empirically. One possible interpretation for this is as follows: note that, in
the context of the true likelihood term Equation (7.4.7), scaling by v gives
equivalently

o} o}
ya—ivg log py|a, (v | §) = a—ng 10g (py|a, (V] €)7), (7.4.11)

"In Chapter 8, we review the process of training such a classifier in full detail.
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which suggests the natural interpretation of the parameter - performing (in-
verse) temperature scaling on the likelihood py|,, , which is precise if we consider
the renormalized distribution pyz, (v | €)Y/ [ pyje, (V' | €)7dr’. However, note
that this is not a rigorous interpretation in the context of Equation (7.4.7), be-
cause the gradients are taken with respect to &, and the normalization constant
in the temperature-scaled distribution is in general a function of £. Instead,
the parameter v should simply be understood as amplifying large values of the
deep network classifier’s output probabilities fy_(t, @) relative to smaller ones,
which effectively amplifies the guidance signal provided in cases where the deep
network f assigns it the largest probability among the K classes.

Simplifications and Improvements via Classifier-Free Guidance

Nevertheless, classifier guidance does not address the second key drawback of
the naive methodology: it is both cumbersome and wasteful to have to train an
auxiliary classifier fg, in addition to the unconditional denoiser Zg,, given that
it is not possible to directly adapt a pretrained classifier due to the need for
it to work well on noisy inputs «; and incorporate other empirically-motivated
architecture modifications. In particular, Dhariwal and Nichol [DN21b] found
that it was necessary to explicitly design the architecture of the deep network
implementing the classifier to match that of the denoiser.

Moreover, from a purely practical perspective—trying to obtain the best
possible performance from the resulting sampler—the best-performing configu-
ration of classifier guidance-based sampling departs even further from the ide-
alized and conceptually sound framework we have presented above. To obtain
the best performance, Dhariwal and Nichol [DN21b] found it necessary to pro-
vide the class label y as an additional input to the denoiser Zg,. As a result,
the idealized classifier-guided denoiser (7.4.10), derived by Dhariwal and Nichol
[DN21b] as we have done above from the conditional posterior denoiser de-
composition (7.4.7), is not exactly reflective of the best-performing denoiser in
practice—such a denoiser actually combines a conditional denoiser for x; given
y with an additional guidance signal from an auxiliary classifier!

This state of affairs, empirically motivated as it is, led Ho and Salimans
[HS22a] in subsequent work to propose a more empirically pragmatic method-
ology, known as classifier-free guidance (CFG). Instead of representing the
conditional denoiser (7.4.7) as a weighted sum of an unconditional denoiser for
x; with a log-likelihood correction term (with possibly modified weights, as in
classifier guidance), they accept the apparent necessity of training a conditional
denoiser for x; given y, as demonstrated by the experimental results of Dhari-
wal and Nichol [DN21b], and replace the log-likelihood gradient term with a
correctly-weighted sum of this conditional denoiser with an unconditional de-
noiser for = given x;.%

8That said, Ho and Salimans [HS22a] actually proposed to use a different weighting than
what we present here, based on the fact that Dhariwal and Nichol [DN21b] heuristically re-
placed the unconditional denoiser in (7.4.7) with a conditional denoiser. In fact, the weighting
we derive and present here reflects modern practice, and in particular is used in state-of-the-art
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Deriving Classifier-Free Guidance. To see how this structure arises, we
begin with an ‘idealized’ version of the classifier guidance denoiser :EgG defined
in (7.4.10), for which the denoiser &gy, and the classifier fp. perfectly approxi-
mate their targets, via (7.4.7):

2
_ idea gt
2 N6 v) = Ele | @ = €]+ Ve logpyje, (v ] €). (7.4.12)

We then use Bayes’ rule, in the form

log py|z, = log Pz, |y + logpy — log pe,, (7.4.13)

together with Tweedie’s formula (Theorem 3.2, modified as in Equation (3.2.86))
to convert between score functions and denoisers, to obtain

_ idea 1 o2 o2
zp St € v) = ;tﬁ +(1- ’y)jtvg log pa, (§) + vafttve log pg, |y (€ | V)
=(1—-YEx |z =&+ E[x |z =&,y =], (7.4.14)

where in the last line, we apply Equation (7.3.11). Now, Equation (7.4.14)
suggests a natural approximation strategy: we combine a learned unconditional
denoiser for x given x;, as previously, with a learned conditional denoiser for x
given x; and y.

However, following Ho and Salimans [HS22a] and the common practice of
training deep network denoisers, it is standard to use the same deep network to
represent both the conditional and unconditional denoisers by introducing an
additional label, which we will denote by &, to denote the “unconditional” case.
This leads to the form of the CFG denoiser:

QGCFG(twtvy) = (]‘ - P)/)je(ta$t7 @) + "}/ﬂég(t,$t,y). (7415)

To train a denoiser ®g(t, s,y ™) for use with classifier-free guidance sampling,
where y* € {1,..., K, @}, we proceed almost identically to the unconditional
training procedure in Algorithm 3.2, but with two modifications:

1. When we sample from the dataset, we sample a pair (x,y) rather than just
a sample x.

2. Every time we sample a pair from the dataset, we sample the augmented
label ¢y via

(7.4.16)

= @ with probability puncond;
y else.

Here, puncond € [0,1] is a new hyperparameter. This can be viewed as a form
of dropout [SHK+14].

In this way, we train a conditional denoiser suitable for use in classifier-free guid-
ance sampling. We summarize the overall sampling process for class-conditioned
sampling with classifier-free guidance in Algorithm 7.2.

diffusion models such as Stable Diffusion 3.5 [EKB+24].
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Algorithm 7.2 Conditional sampling with classification data, using class-
conditioned denoiser.

Input: An ordered list of timesteps 0 < tg < --- <ty < T to use for sampling.
Input: Class label v € {1,..., K} to condition on.
Input: A denoiser p: {t,}2, x RP x {1,...,K,o} — RP for Pa|y and pg
(input @ for pg).
Input: Scale and noise level functions o, o: {t;}_, — R>o.
Input: Guidance strength v > 0 (v > 1 preferred for performance).
Output: A sample &, approximately from pg, (- | v).
1: function DDIMSAMPLERCONDITIONALCFG (Zg, v, 7, (to)L_ )
2: Initialize &;, ~ approximate distribution of x;, (VP = N(0,I), VE
= N(0,t1)).

3: for{=L,L—1,...,1do
4: Compute
. . Oty q . Oty _ N _ N
T, = 0_2 lwtz—l—(au_l - ¢ 104155) ((1_’7)w0(t,g,$t“@)‘f”}/w@(tg,CBtZ,V))
17 te
5: end for
6: return &,

7: end function

Ho and Salimans [HS22a] reports strong empirical performance for class-
conditional image generation with classifier-free guidance, and it has become a
mainstay of the largest-scale practical diffusion models, such as Stable Diffusion
[RBL+22] and its derivatives.

What Denoisers Does Classifier-Free Guidance Promote Learning?
As we have seen, the derivation of classifier-free guidance is rather opaque and
empirically motivated, giving little insight into the mechanisms behind its strong
performance. A number of theoretical works have attempted to address this
[BN24b; LWQ25; WCL+24]. They provide explanations for some parts of the
overall CFG methodology—itself encompassing denoiser parameterization and
training, as well as configuration of the guidance strength and performance at
sampling time. Below, following our running theme in the book, we will give
an interpretation in the simplifying setting of a Gaussian mixture model data
distribution and denoiser. First, we consider the effect of CFG: what does a
large weight v > 1 promote?

Ezample 7.5. Let us recall the low-rank mixture of Gaussians data generat-
ing process we studied in Example 3.3 (and specifically, the form in Equa-
tion (3.2.69)). Given K € N classes, we assume that

K
1
T~ ;N(o, U.U,), (7.4.17)
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where each Uy € O(D, P) C RP*F is a matrix with orthogonal columns, and
P < D. Moreover, we assume that the class label y € [K] is a deterministic
function of  mapping an example to its corresponding mixture component. We
consider the simple noise process (3.2.1) studied in Chapter 3, so that x; = z+tg
for all t € [0,T], with g ~ N (0, I).

Applying the analysis in Example 3.3 (and the subsequent analysis of the
low-rank case, culminating in Equation (3.2.80)), we obtain for the class-conditional
optimal denoisers

Flz |z =& y=1v]= 1+t2U LU € (7.4.18)

for each v € [K], and for the optimal unconditional denoiser, we obtain

L& (s U ENR)

U'¢ (7419
2 K k
I+ >im1 eXP(mHUz‘TfH%)

Elw |2 = €] =

As a result, we can express the CFG denoiser with guidance strength v > 1 as

K 1 WUTx|2

_CFG, iden ! xp  sprrtreey UL @il3)

gt @ y) = T ((1—7)2 = 1 — U
k=1 D i1 eXP(WHUZ— act||2)

+ vaUJ> T
(7.4.20)

This denoiser has a simple, interpretable form:

1. The first term, corresponding to the unconditional denoiser, performs denois-
ing of the signal x; against an average of the denoisers associated with each
subspace, weighted by how correlated x; is with each subspace.

2. The second term, corresponding to the conditional denoiser, simply performs
denoising with the conditioning class’s denoiser.

The CFG scheme averages these two denoisers. The effect of this averaging
can be gleaned from the refactoring

exp(2t2(1+t2) HUT“’t” ) U Ut

. 1
7 (t@t,y):m ’Y‘f’(l—V)ZK

i=1 eXP(mHU |3 )

eXP(m”Uk wt”%)
+1-7) =% - — S U |,
Ky Die1 eXP(WHUi wt”Q)
(7.4.21)
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where we combined the conditional denoiser with the corresponding & = y term
in the sum over k € [K]. We have

K eXp(2t2 1+t2)||Uk A b )

> =1, (7.4.22)

K
= S oxp (gt U ail3)

and each summand is nonnegative, hence also bounded above by 1. So we can
conclude two regimes for the terms in Equation (7.4.21):

1. Well-correlated regime: In this case, suppose the noisy input x; correlates
well with one of the subspaces U,. If x; correlates well with U,, then the
normalized weight corresponding to the k = y summand in the unconditional
denoiser is near to 1. Then

eXP(WHUJ@“tH%)

T+ =
K
I e (s U7 4 3)

~ 1, (7.4.23)

all other weights are necessarily near to zero, and the CFG denoiser is ap-
proximately equal to the denoiser associated to the conditioning class y.

This implies: if the CFG denoiser’s input is highly correlated with one of
the class subspaces, the denoiser is approximately equal to the corresponding
class-conditional denoiser! Hence, we expect the CFG denoising sampler to
converge.

2. Poorly-correlated regime: In contrast, if @; does not correlate well with
U, (say because t is large), then the normalized weight corresponding to the
k = y summand in the unconditional denoiser is near to 0. As a result,

eXP(mHUTthH )

K
2lim1 eXP(m U, H%)

v+ (1-7) ~ 7, (7.4.24)

and thus the guidance strength v > 1 places a large positive weight on the
denoiser associated to y.

Meanwhile, in the second term of Equation (7.4.21), any classes k # y that
are well-correlated with x; receive a large negative weight from the 1 —
coefficient. This simultaneously has the effect of making the denoised signal
vastly more correlated with the conditioning class y, and making it negatively
correlated with the previous iterate (i.e., the iterate before denoising).

In other words, CFG steers the iterative denoising process towards the con-
ditioning class and away from the previous iterate, a different dynamics from
purely conditional sampling (i.e., the case v = 1).
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Example 7.5 shows that in the mixture of Gaussians setting, the CFG de-
noiser provides a strong bias towards the conditioning class, while preserving
local correctness (hence convergence of sampling) when the noise level ¢ is small.
This is suggestive of why a large weight v > 1 has been found essential in prac-
tice.

Next, the following example will demonstrate an insight into the parameter-
1zation of the denoiser in the presence of low-dimensional structure, again in the
Gaussian mixture model.

Ezxample 7.6. Consider again the mixture of Gaussians model studied in Exam-
ple 7.5:

K
1 T
~ . 4.2
z k§:1N(0,UkUk ), (7.4.25)

where each Uy € O(D, P) C RP*F is a matrix with orthogonal columns, and
P < D. The class label y € [K] is a deterministic function of & mapping
an example to its corresponding mixture component. For this distribution,
and again under the simple noise process (3.2.1) studied in Chapter 3, where
xy =x +1tg for all t € [0,T], with g ~ N (0, I), we saw in Example 7.5 that the
ideal CFG denoiser takes the form

1 T 2
_CFG, ideal 1 K eXP(m”Uk xtHQ) .
T (t,$t7y)—m (1—7)2 = . — ;A
k=12 im1 exp(mHUi wt||2)
(7.4.26)
Now we consider the problem of parameterizing a learnable denoiser :chG to

represent the optimal denoiser (7.4.26). For tractability, we add an additional
assumption associated to the subspaces Uy being ‘distinguishable’ from one
another, which is natural in practice: specifically, we assume that for any pair
of indices k, k" € [K] with k # K/, we can find a set of K nonzero directions
vy € RP such that

UkU];r’Uk = Vg, Uk/UJ’Uk =0, k #+ k. (7.4.27)

This is a slightly stronger assumption than simple distinguishability, but it
should be noted that it is not overly restrictive: for example, it still allows the
subspaces U}, to have significant correlations with one another.”

These vectors vy can then be thought of as embeddings of the class label y €
[K], and we can use them to define a more general operator that can represent
both the unconditional and class-conditional denoisers. More precisely, consider

9More generally, this assumption is naturally formulated as an incoherence condition be-
tween the subspaces Ujgj, familiar from the theory of compressive sensing [WM22].
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the mapping

1 T T
K exp(2t2(1+t2)\mt U,U, v|>

K
k=1 Dim1 GXP(mW?UiUiTUI)

(T, v) = U U, ;. (7.4.28)

Then if we plug in v = x; to the operator (7.4.28), we obtain a result propor-
tional to the first term in (7.4.19), corresponding to the optimal unconditional
denoiser for x;. On the other hand, if we substitute v = v, for some y € [K],
we get by construction of the embedding vectors vy

Z K 1 T T UkUl;rmt
k=1 D1 eXP(WVCt Uy, "’y|)
1 T
exp | s |2y Uyl
_ (12t Y ) U,U, x, (7.4.29)
eXp(m‘:B:’U?A) +K— 1
1
+> UU . (7.4.30)

kty eXP(WlJrﬁ)W;UM) +K -1

We aim to simplify the preceding expression further. To this end, recall that
when using this denoiser for sampling, we have x; = x + tg, with y denoting
the label of . In other words, conditioned on y, we have that x; = Uyz + tg,
where z is an independent P-dimensional Gaussian noise vector with zero mean
and identity covariance. We have

|mtT'vy’ = |<Uyzavy> +t<gvvy>|
= (2, U, v,) + t{g,vy)].
Because z and g are independent Gaussian random variables with identity co-

variance matrices, it follows from rotational invariance of the Gaussian distri-
bution (see [Verl8]) that

|2 v, | £ [|U,) 0, |22 + vy |29

= [llvyll2z + tllvyll2g]

where z and g are independent scalar N'(0,1) random variables, and 4 denotes
equality in distribution (the random variables have the same distribution). The
second line above follows from the definition of v,. Now, by independence, the
random variable z +tg ~ N'(0, (1 +¢?)). Then using the well-known result that
Ellgl] = \/2/7 if g ~ N(0,1), we conclude

E [z vy|] = V(2/m) (1 +12)||vy 2
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In practice, the quantity |w;'—vy| is close to its expectation with overwhelming
probability, by Gaussian concentration (see, again, [Ver18]). On the other hand,
we have by similar reasoning

E[le3] = P+ 2D,

and properties of the Gaussian distribution again imply that ||x||2 will concen-
trate around v P + t2D with overwhelming probability. It is then sensible to
renormalize the embeddings v, so that their dot-product with «; has the same
scale: defining

(P +t2D) vy

T em + o) oyl

for the normalized embeddings, our previous argument implies

|w;rvt,y| ~ (P +t’D)

with overwhelming probability. Returning our attention to our starting point,
i.e. (7.4.28) evaluated at (¢, v,) and our subsequent simplification, we have for
the “softmax” argument

P+tD
2t2(1 + t2)

1

Y 2 Tel s
212(1 + t2) [ vy

with overwhelming probability with respect to x;. Hence if ¢ is bounded and
the subspace dimension P is sufficiently large,'® the following approximation
holds with overwhelming probability:

K exp<72t2(11+t2)thUkUva>

K
k=1 Zi:l exp(mw:UiU;w»

UU/ @ =~ U,U, ;. (7.4.31)

In words, evaluating the operator (7.4.28) at the embedding for a class
v; 4 yields the class-conditional denoiser for y!

Thus, the family of operators (7.4.28) provides a unified way to parameterize
the constituent operators in the optimal denoiser for @ within a single ‘network’.
More precisely, it is enough to add the output of an instantiation of (7.4.28)
with input (¢, ;) to an instantiation with input (@, v¢,). The resulting oper-
ator is a function of (¢, x¢,y), and computationally, the subspaces (Uk)f=1 and

embeddings y — v;,, become its learnable parameters. |

10For example, it suffices to consider a large-scale, asymptotic regime where P,D — oo
with their ratio P/D converging to a fixed constant. In such a scenario, the aspect ratio
of the subspaces is fixed while their sizes go to infinity, which can act as a model for some
discretization phenomena (e.g., a fixed scene sampled as an image with the number of pixels
going to infinity).
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Example 7.6 shows that in the special case of a low-rank mixture of Gaussians
data distribution for & with incoherent components, operators of the form

)Y

UU, (7.4.32)
) Pl leXp(2t2(1+t2)mt U.U; ”)
provide a sufficiently rich class of operators to parameterize the ideal denoiser
for noisy observations x; of & when using classifier-free guidance. For such op-
erators, the auxiliary input v can be taken as either x; or a suitable embedding
of the class label y — v, in order to realize such a denoiser—as the example
shows, the ideal denoiser is a weighted sum of such operators, with weights
derived from the guidance strength v > 1.

Based on the framework in Chapter 5, which develops deep network archi-
tectures suitable for transforming more general data distributions to structured
representations using the low-rank mixture of Gaussians model as a primitive,
it is natural to imagine that operators of the type (7.4.32) may be leveraged in
denoisers for general data distributions @ with low-dimensional geometrically-
structured components that are sufficiently distinguishable (say, incoherent)
from one another. The next section demonstrates that this is indeed the case.

7.4.2 Caption-Conditioned Image Generation

In Section 7.4.1 we have seen, conceptually, how to set up denoisers for use
with classifier-free guidance, the dominant practical methodology for perform-
ing conditional sampling via the diffusion-denoising paradigm. In short, such
denoisers take as input the noisy data x; as well as either the conditioning signal
y or a “null input” &, which determines whether the denoiser should perform
unconditional denoising or conditional denoising (conditioned on y).

Given this design, the most important practical question is how to realize
this family of operators as a meural network? An empirically-successful neural
network layer design known as “cross attention”, which we will present in due
course, provides a practical answer to this question. However, even before this,
there are several more fundamental issues to sort out:

1. Input modality mismatch: In the most interesting practical applications, the
data x and the conditioning signal y do not lie in directly-comparable spaces,
although they share many underlying structural relationships. For example,
we saw this in the case of a class label y in Section 7.4.1. More generally,
one could consider a natural language description y of an image x (referred
to as a “caption”), where y would correspond to a sequence of characters in
different alphabets.

2. Parameterization and flexibility: Downstream of the input modality issue,
there is a fundamental question of whether the same basic architecture for
the network can be used for different modalities, or whether this needs to be
tuned in a very precise way per-modality.
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3. Training: This entails the proper way to use our paired samples (x,y) to
train and deploy the conditional denoisers. The design space is vast: one
could imagine applying various modality-specific encoder-decoder architec-
tures, as we have developed in Chapters 4 and 6, together with different
denoising backbones in various combinations. The key questions here are of
expressivity, getting the best conditional denoising performance; efficiency,
getting the best performance per unit of training data; and stability, guaran-
teeing that the training process converges quickly without collapse.

We will cover these three issues in detail below, providing guidance on how
to explore the design space and, where possible, generally-useful prescriptions.

Modality-Agnostic Input Embedding

Although we do not know the precise relationship between @ and y in the gen-
eral paired data setting, in all practical settings of interest, they have significant
correlations. For example, when the conditioning signal y is a “caption” describ-
ing the image ® in natural language, it is easy to imagine a human artist being
able to produce an accurate sketch of & based solely on a high-quality caption.
In our probabilistic setting, one natural way to quantify these “correlations”
is in terms of the mutual information, which we saw previously in Chapter 4
(Equation (4.1.12)):

I(z;y) = h(x) — h(z | y). (7.4.33)

The mutual information (7.4.33) is a purely information-theoretic quantity that
does not depend on modality-specific aspects of & and y. Hence it offers a
natural criterion for learning a useful representation of either input x, y: one
simply seeks to learn, say for x, a representation z = f(a) that preserves the
mutual information, so that I(z;y) = I(x;y). That is:

Learn z = f(x) such that I(z;y) =~ I(x;y). (7.4.34)

Actually, we can be even more prescriptive here. For an encoder f which is
deterministic (matching all the cases we have studied throughout Chapters 4
and 6), a fundamental result in information theory known as the data processing
inequality tells us that processing  with f to produce z = f(x) changes the
mutual information in a predictable way: it can only reduce it.

Theorem 7.1 (Data Processing Inequality). Consider random variables y, x, z
defined such that z is independent of y, conditioned on x.'' Then the data
processing inequality holds:

I(z;y) > I(zy). (7.4.35)

Proof. Consider the mutual information I(y;x, z) between y and (zx,z). Be-
cause z is independent of y conditioned on x, we have

h(y |z, z) =h(y | z),

1n other words, the random variables form a Markov chain y — & — 2.
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so I(y;x, z) = I(y; ). Meanwhile, we have by Bayes’ rule that

py,a:,z

Py|z,z = DPy|= )
Py,zPx|z

which implies by the definition of conditional differential entropy that

Pa| =Dy,
Hy;@,2) = 1(y;2) — Eay.z [log (p'“ﬂ :
Yy,x,z

Applying Jensen’s inequality to the expectation in the previous line then implies
the claim, because log is a concave function (and the mutual information is
symmetric, i.e. I(x;y) = I(y;x)). O

For a deterministic encoder f, z = f(x) is always independent of y when
conditioned on x. The data processing inequality therefore suggests the follow-
ing computational procedure to find the encoder f: seek to maximize the mu-
tual information between the representation and the conditioning signal. Equa-
tion (7.4.34) then leads to the objective

max I(f(x);y). (7.4.36)

This is known as the Infomaz principle [Lin88], and it dates to the earliest years
of representation learning.

Computational considerations in applying the Infomax principle. There
are two key conceptual issues to keep in mind when thinking about how to apply
the (abstract) Infomax principle (7.4.36) for learning a representation. The first
is that in general it is computationally hard to estimate the mutual information,
which constitutes the objective in (7.4.36). As we discussed in the context of
rate distortion and lossy coding when we introduced the mutual information
in Chapter 4, the mutual information can be relaxed to remain well-defined
even when x and y are low-dimensional and have differential entropy approach-
ing —oo (e.g., by connection to the Gaussian rate reduction function that we
have studied in Chapters 4 to 6). Moreover, empirically such relaxations have
non-worst-case statistical properties in practice, as we saw in the experiments
of Chapter 4; and the accuracy of these approximations can be improved by
incremental processing, as we saw in Chapter 5. This makes a criterion like
Equation (7.4.36) an excellent foundation for learning representations of paired
data (x,y).

The second issue to keep in mind is that for the objective (7.4.36) to represent
a sensible criterion for learning f, it is necessary that f itself is parameterized in
a specific way, and/or that some additional structural enforcement is done on the
representations f(x). Indeed, if f is completely unconstrained, there are simple
trivial solutions to (7.4.36) that do not correspond to useful representations: for
example, just take f(x) = = to be the identity! We discussed principled tech-
niques for structuring the representation space in Chapter 6 when we discussed
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autoencoding and closed loop transcription; many of these techniques can be
brought to bear in our present joint embedding setting, and we will detail this
further later in the section, when we move to practical implementation.

Joint embedding with the Infomax principle. Now, the question of joint
representation of (z,y) remains. Applying the data processing inequality once
more, we obtain for another encoder g that produces a representation of y that

I(zsy) > I(f(=);y) = I(f(2); 9(y)).
The joint objective
max I(f(@); 9(y)) (7.4.37)

is then a well-founded consequence of the Infomax principle.

To design the encoders f and g, recall the intuition that we obtained through
our work in Example 7.6. There, we saw that in the case of a mixture-of-
Gaussians model for x, with the conditioning signal y identifying which specific
mixture component generates the observation, a flexible denoiser architecture
could be constructed via a suitable embedding of the class label y into the same
space as the data . More precisely, such an embedding u,, € RP allows, when
correlated with the embeddings U, of x € R (generally a matrix) via u;rUm,
to ‘pick out’ only the embeddings relevant to the correct mixture component of
the distribution. How exactly to design these layers for use in neural networks
being trained on more complex nonlinear high-dimensional data is a challenging
question that we will dig into in more detail below. But a necessary condition is
clear: the embeddings f and g should map their inputs to a common embedding
space, say R%, to facilitate downstream comparison when performing conditional
sampling. This leads to the objective

max I(f(2):9(y)). (7.4.38)
f:RPz R4, g:RPy —Rd

The next step is to instantiate a suitable computationally-convenient relax-
ation of the mutual information in (7.4.38) for use with large-scale datasets.

Practical Prescription for Learning Joint Embeddings: CLIP

A concrete and highly influential realization of learning joint embeddings for
paired data is the method of Contrastive Language-Image Pre-training (CLIP)
[RKH+21b]. Take the simple case of image-text pairs [(z;, )], sampled
from a dataset D, where x; is an image and y; is a text caption. CLIP
trains two encoders—an image encoder fp(x) and a text encoder g,(y)—to
map paired samples into a shared d-dimensional unit sphere (i.e. || fo(x;)|2 =1
and [|gs(y;)]l2 = 1). To achieve this, we can adopt a simple symmetric cross-
entropy loss that pushes the cosine similarity of matched pairs (fo(x;i), 94(¥:))
closer together while repelling unmatched pairs:

N T
1 exp (fo(xi) " 94(yi))
Lerp = =By, yi)N  ~D log

N @l ; S exp (folxi) Tg6(y;)))
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al exp (9¢(yi) " fo(w:))
1
2 los SV exp (9(0) T fol;))

. (7.4.39)

From the perspective of mutual information maximization, CLIP is a tractable
surrogate for the lower bound on the mutual information between the image
and text represent&tions:]2

I(fo(z),94(y)) > —Lcup + log N. (7.4.40)

Thus, CLIP provides a practical recipe for learning joint embeddings for
paired data that increases the mutual information between the paired samples.
Empirically, CLIP has been shown to be effective at learning joint embeddings
for image-text pairs, and has been used in a variety of applications, includ-
ing image captioning, image-text retrieval, image generation and beyond. We
will see more specific examples in Chapter 8 (with key implementation details
described in detail in Section 8.3).

Application to Caption-Conditioned Image Generation

Finally, we will describe an end-to-end system that integrates joint image-text
encoders, learned with the CLIP loss as described above, with conditioning
operators that are evocative of the mixture-of-Gaussians operator (7.4.32) we
saw in Example 7.6. These techniques formed the basis for the original open-
source Stable Diffusion implementation [RBL+22], where the embedding and
subsequent conditioning is performed not on a class label, but a text prompt,
which describes the desired image content (Figure 7.14). This section will give
a high-level overview of StableDiffusion-style image generation. For full imple-
mentation details sufficient to re-implement such a system from scratch, we refer
to Chapter 8: specifically, Section 8.11 describes the process of encoding strings
of text to a sequence of integer IDs; Section 8.3 describes the training of the
necessary image-text encoders; and Sections 8.6 and 8.7 describe the training of
the (latent) diffusion model.

Stable Diffusion follows the conditional generation methodology we outline
in Section 7.4.1, with two key modifications: (i) The conditioning signal is a tok-
enized text prompt Y € RPrxt*N rather than a class label; (ii) Image denoising
is performed in “latent” space rather than on raw pixels, using a specialized,
pretrained variational autoencoder pair f : RPims — Rdims g : Rime — RDPims
(see Sections 6.1.4 and 8.6), where f is the encoder and g is the decoder. For
issue (i), in the context of the iterative conditional denoising framework we
have developed in Section 7.4.1, this concerns the parameterization of the de-
noisers Zg(t, 24, Y 7).' Rombach et al. [RBL+22] implement text conditioning

12This result holds under the assumption that the pairs (x;,y;) are i.i.d. within each batch
of N [OLC+25, Lemma 1]. The tightness of the bound improves as N increases [OLV18].
However, for certain data distributions, it can remain loose for all N [MS19; WI20].

131n the setting of text conditioning, the ‘augmented’ label Y+, which is either the encoded
text prompt or &, denoting unconditional denoising, is often implemented by mapping @ to
the empty string “”, then encoding this text prompt with the tokenizer as usual. This gives a
simple, unified way to treat conditional and unconditional denoising with text conditioning.
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Figure 7.14: A high-level schematic of training and applying a text-to-image
generative model, via conditional generation with a text prompt. Left: To
train a text-to-image model, a large dataset of images paired with corresponding
text captions is used. An encoder is used to map the captions to sequences of
vectors, which are used as conditioning signals for a conditional denoiser, trained
as described algorithmically in Section 7.4.1 (see Section 8.6 for implementation
details). The text encoder may be pretrained and frozen, or jointly trained with
the denoiser. Right: When applying a trained model, a desired text prompt is
used as conditioning, then sampling is performed with the trained model, as in
Algorithm 7.2 (mutatis mutandis for use with an encoded text prompt).

in the denoiser using a layer known as cross attention, inspired by the original
encoder-decoder transformer architecture of Vaswani et al. [VSP+17b]. Cross
attention is implemented as follows. We let 7 : RPtext XN _ Rdmoaer X Niext denote
an encoding network for the text embeddings (often a causal transformer—see
Section 8.11), and let 1) : Rims — RmoderxNims denote the mapping correspond-
ing to one of the intermediate representations in the denoiser.'* Here, Niey is
the maximum tokenized text prompt length, and Njn, roughly corresponds to
the number of image channels (layer-dependent) in the representation, which is
fixed if the input image resolution is fixed. Cross attention (with K heads, and
no bias) is defined as

SA([Ugeyl "0(20), [Upeey] T 7 (Y1), [UGy] T 7(Y))

MHCA(Zt, Y+) = Uout R
SA(UL, )T (z0), (UL (¥ ), [UE] (¥ )
(7.4.41)

where SA denotes the scaled dot-product attention operation in the transformer
(which we recall in detail in Chapter 8: see Equations (8.2.17) and (8.2.18)),
and UF € RImoderXdatn for x € {qry, key, val} (as well as the output projection
Uout) are the learnable parameters of the layer.

Notice that, by the definition of the self-attention operation, cross attention
outputs linear combinations of the value-projected text embeddings weighted by
correlations between the image features and the text embeddings. In the denoiser
architecture used by Rombach et al. [RBL+22], self-attention residual blocks
in the denoiser architecture, applied to the image representation at the current

141n practice, text-conditioned denoisers add cross attention layers at regular intervals within
the forward pass of the denoiser, so 1 should be seen as layer-dependent, in contrast to 7.
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layer and defined analogously to those in Equation (8.2.15) for the vision trans-
former, are followed by cross attention residual blocks of the form (7.4.41). Such
a structure requires the text encoder 7 to, in a certain sense, share some struc-
ture in its output with the image feature embedding : this can be achieved
via joint embedding, learned by a procedure such as CLIP as described above.
Conceptually, this joint text-image embedding space and the cross attention
layer itself bear a strong resemblance to the conditional mixture of Gaussians
denoiser that we derived in the previous section (recall (7.4.28)), in the special
case of a single token sequence. Deeper connections can be drawn in the multi-
token setting following the rate reduction framework for deriving deep network
architectures discussed in Chapter 5, and manifested in the derivation of the
CRATE transformer-like architecture.

This same basic design has been further scaled to even larger model and
dataset sizes, in particular in modern instantiations of Stable Diffusion [EKB+24],
as well as in competing models such as FLUX.1 [LBB+25], Imagen [SCS+22],
and DALL-E [RDN+22]. The conditioning mechanism of cross attention has
also become ubiquitous in other applications, as in EgoAllo (Section 8.10) for
conditioned pose generation and in Michelangelo (Section 8.8) for conditional
3D shape generation based on images or texts.

7.5 Conditional Inference with Measurement Self-
Consistency

In this last section, we consider the more extreme, but actually ubiquitous,
case for distribution learning in which we only have a set of observed samples
Y = {y1,...,yn} of the data &, but no samples of x directly! In general, the
observation y € R? is of lower dimension than & € RP. To make the problem
well-defined, we do assume that the observation model between y and x is known
to belong to a certain family of analytical models, denoted as y = h(x, ) + w,
with € either known or not known.

Let us first try to understand the problem conceptually with the simple case
when the measurement function h is known and the observed y = h(x) + w is
informative about . That is, we assume that h is surjective from the space of x
to that of y and the support of the distribution yo = h(x) is low-dimensional.
This typically requires that the extrinsic dimension d of y is higher than the
intrinsic dimension of the support of the distribution of x. Without loss of
generality, we may assume that there exist functions:

F(x) =0, G(y)=0. (7.5.1)
Notice that here we may assume that we know G(y) but not F(x). Let Sy = {y |

G(y) = 0} be the support of p(y). In general, h=!(S,) = {x | G(h(x)) = 0} is
a superset of S = {x | F((x) = 0}. That is, we have h(Sg) C Sy.
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7.5.1 Linear Measurement Models

First, for simplicity, let us consider that the measurement is a linear function of
the data « of interest:
y=Azx. (7.5.2)

Here the matrix A € R™*™ is of full row rank and m is typically smaller than
n. We assume A is known for now. We are interested in how to learn the
distribution of x from such measurements. Since we no longer have direct
samples of x, we wonder whether we can still develop a denoiser for x with
observations y. Let us consider the following diffusion process:

Y = Yo +tg, Yo = A(xo), (7.5.3)

where g ~ N (0,1I).
Without loss of generality, we assume A is of full row rank, i.e., under-
determined. Let us define the corresponding process x; as one that satisfies:

Yy = Axy. (7.5.4)
From the denoising process of y;, we have

Yi—s = Yy + stV 1og pi(ye). (7.5.5)

Then we have:
Az, s = Az + stV logp(Axy), (7.5.6)

for a small s > 0. So x;_s and x; need to satisfy:
A(xi—s — x1) =~ stV log p:(Axy). (7.5.7)

Among all x;_, that satisfy the above constraint, we arbitrarily choose the one
that minimizes the distance ||z;_s — x¢||3. Therefore, we obtain a “denoising”
process for x;:

@iy ~ xy + stATV logp, (Axy). (7.5.8)

Notice that this process does not sample from the distribution of x;. In partic-
ular, there are components of  in the null space/kernel of A that can never be
recovered from observations. Thus more information is needed to recover the
full distribution of @, strictly speaking. But this recovers the component of x
that is orthogonal to the null space of A.

7.5.2 Learning 3D World Model from 2D Images

In practice, the measurement model is often nonlinear or only partially known.
A typical problem of this kind is actually behind how we can learn a working
model of the external world from the images perceived, say through our eyes,
telescopes or microscopes. In particular, humans and animals are able to build
a model of the 3D world (or 4D for a dynamical world) through a sequence
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(BRm,Tm)

Figure 7.15: Relationship between a 3D object/scene and its 2D projections.
Here we illustrate the projection of a point & and a line intersecting the point.

Figure 7.16: Inference with distributed measurements. We have a low-
dimensional distribution @ (here, similarly to Figure 7.1, depicted as a union of two
2-dimensional manifolds in R*) and a measurement model y* = h'(x) +-w". As before,
we want to infer various properties of the conditional distribution of @ given y, where
vy is the collection of all the measurements y°.

of its 2D projections—a sequence of 2D images (or stereo image pairs). The
mathematical or geometric model of the projection is generally known:

y' = h(x,0") + w', (7.5.9)

where h(-) represents a (perspective) projection of the 3D (or 4D) scene from
a certain camera view at time t; to a 2D image (or a stereo pair) and w is
some possibly additive small measurement noise. Figure 7.15 illustrates this
relationship concretely, while Figure 7.16 illustrates the model problem in the
abstract. A full exposition of geometry related to multiple 2D views of a 3D
scene is beyond the scope of this book. Interested readers may refer to the book
[MKS+04]. For now, all we need to proceed is that such projections are well
understood and multiple images of a scene contain sufficient information about
the scene.

In general, we would like to learn the distribution p(x) of the 3D (or 4D)



§7.5 305

world scene z'® from the perceived 2D images of the world so far. The primary
function of such a (visual) world model is to allow us to recognize places where
we had been before or predict what the current scene would look like in a future
time at a new viewpoint.

Let us first examine the special but important case of stereo vision. In this
case, we have two calibrated views of the 3D scene x:

Yy’ = h(z,0°) +w°, y'=h(x,0") +w (7.5.10)

where parameters 9 and 6! for the view poses can be assumed to be known.
y° and y' are two 2D-projections of the 3D scene . We may also assume that
they have the same marginal distribution p(y) and we have learned a diffusion
and denoising model for it. That is, we know the denoiser:

Ely | y: = v] = v + 2V, logp:(v). (7.5.11)

Or, furthermore, we may assume that we have a sufficient number of samples of
stereo pairs (y°,y') and have also learned the joint distribution of the pairs. By
a little abuse of notation, we also use y = h(x) to indicate the pair y = (y°, y')
and p(y) as the learned probability distribution of the pair (say via a denoiser
as above).

The main question now is: How to learn (a representation for) the distri-
bution of the 3D scene x from its two projections with known relationships?
People might question the rationale for doing this: why is this necessary if the
function h(-) is largely invertible? That is, the observation y can largely de-
termine the unknown «, which is kind of the case for stereo—in general, two
(calibrated) images contain sufficient information about the scene depth, from
the given vantage point. However, 2D images are far from the most compact
representation of the 3D scene as the same scene can produce infinitely many
(highly correlated) 2D images or image pairs. In fact, a good representation of a
3D scene should be invariant to the viewpoint. Hence, a correct representation
of the distribution of 3D scenes should be much more compact and structured
than the distribution of 2D images, stereo pairs, or image-depth pairs.

Consider the (inverse) denoising process for the diffusion: y; = y + tg in
(7.5.11), where g is standard Gaussian. From the denoising process of (7.5.11),
we have

Yi—s = Y + stV logp(y). (7.5.12)

We try to find a corresponding “denoising” process of x; such that x is related
to y as:
y = h(x). (7.5.13)

Then we have:

h(xi—s) = h(zy) + stVy log pi(h(xy)), (7.5.14)

15Here by abuse of notation, we use a to represent either a point in 3D or a sample of an
entire 3D object or a scene that consists of many points.
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for a small s > 0. Suppose x;_s = x;+ sv for some vector v and small increment
s. We have

Oh
hxy—s) ~ h(xz) + %(mt) -vs = h(ze) + A(xy)vs. (7.5.15)
Hence, we have
A(xy)v = tVylogpe(h(xe)). (7.5.16)

Geometrically the vector v in the domain of & can be viewed as the pullback of
the vector field tV log p:(y) under the map y = h(x). In general, as before, we
may (arbitrarily) choose v to be the minimum 2-norm vector that satisfies the
pullback relationship. Hence, we can express &;_s approximately as:

&~y + stA(x;) TV, log pi(h(x:)). (7.5.17)

Remark 7.2 (Parallel Sensing and Distributed Denoising.). There is something
very interesting about the above equation (7.5.17). It seems to suggest we could
try to learn the distribution of @ through a process that is coupled with (many
of) its (partial) observations:

Yy =hix)+w'i=1,..., K. (7.5.18)

In this case, we obtain a set of equations that the vector field v in the domain
of x should satisfy: ‘ ‘
A'(z¢)v =tV logpe(h' (x¢)), (7.5.19)

where A'(x;) = %—g(mt). The final v can be chosen as a “centralized” solu-
tion that satisfies all the above equations, or it could be chosen as a certain
(stochastically) “aggregated” version of all v*:

v =tA (x,) [Vyilogp(hi(z0))], i=1,...,K, (7.5.20)

that are computed in a parallel and distributed fashion? An open question here
is exactly what the so-defined “denoising” process for x; converges to, even in
the linear measurement model case. When would it converge to a distribution
that has the same low-dimensional support as the original xq, as y; converges
to y = h(xg)?

Visual World Model from Uncalibrated Image Sequences. In the above
derivation, we have assumed that the measurement model A(-) is fully known.
In the case of stereo vision, this is rather reasonable as the relative pose (and
calibration) of the two camera views (or two eyes'®) is usually known in advance.
Hence, through the stereo image pairs, in principle we should be able to learn
the distribution of 3D scenes, at least the ego-centric distribution of 3D scenes.
However, the low-dimensional structures of the so-called learned distribution
contain variation caused by changing the viewpoints. That is, the appearance

16The relative pose of our two eyes is well known to our brain.
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of the stereo images varies when we change our viewpoints with respect to the
same 3D scene. For many practical vision tasks (such as localization and navi-
gation), it is important that we can decouple this variation of viewpoints from
an invariant representation of (the distribution of) 3D scenes.

Remark 7.3. Note that the above goal aligns well with Klein’s Erlangen Program
for modern geometry, which is to study invariants of a manifold under a group of
transformations. Here, we may view the manifold of interest as the distribution
of ego-centric representations of 3D scenes. We have learned that it admits a
group of three-dimensional rigid-body motion acting on it. It is remarkable
that our brain has learned to effectively decouple such transformations from the
observed 3D world.

Notice that we have studied learning representations that are invariant to
translation and rotation in a limited setting in Chapter 5. We know that the
associated compression operators take the necessary form of (multi-channel)
convolutions, hence leading to the (deep) convolutional neural networks. Nev-
ertheless, operators that are associated with compression or denoising that are
invariant to more general transformation groups remain elusive to characterize
[CW16b]. For the 3D Vision problem in its most general setting, we know the
change of our viewpoints can be well modeled as a rigid-body motion. However,
the exact relative motion of our eyes between different viewpoints is usually not
known. More generally, there could also be objects (e.g., cars, humans, hands)
moving in the scene and we normally do not know their motion either. How
can we generalize the problem of learning the distribution of 3D scenes with
calibrated stereo pairs to such more general settings? More precisely, we want
to learn a compact representation x of the 3D scenes that is invariant to the
camera/eye motions. Once such a representation is learned, we could sample
and generate a 3D scene and render images or stereo pairs from arbitrary poses.

To this end, note that we can model a sequence of stereo pairs as:
y* =h(",0%), k=1,... K, (7.5.21)

where h(-) represents the projection map from 3D to 2D. #* denotes the rigid-
body motion parameters of the kth view, with respect to some canonical frame
in the world. a* represents the 3D scene at time k. If the scene is static, ="
should all be the same ¥ = . To simplify the notation, we may denote the
set of k equations as one:

Y = H(x,0). (7.5.22)

We may assume that we are given many samples of such stereo image sequences
{Y;}. The problem is how to recover the associated motion sequence {O;} and
learn the distribution of the scene x (that is invariant to the motion). To the
best of our knowledge, this remains an open challenging problem, probably as
the final frontier for the 3D Vision problem.
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7.6 Summary and Notes

Measurement matching without clean samples. In our development of
conditional sampling, we considered measurement matching under an obser-
vation model (7.3.9), where we assume that we have paired data (x,y)—i.e.,
ground truth for each observation y. In many practically relevant inverse prob-
lems, this is not the case: one of the most fundamental examples is in the
context of compressed sensing, which we recalled in Chapter 2, where we need
to reconstruct @ from y using prior knowledge about x (i.e., sparsity). In the
setting of denoising-diffusion, we have access to an implicit prior for & via the
learned denoisers &y(t,£&). Can we still perform conditional sampling without
access to ground truth samples x?

For intuition as to why this might be possible, we recall a classical example
from statistics known as Stein’s unbiased risk estimator (SURE). Under an
observation model z; = x + tg with g ~ N(0,I) and ¢ > 0, it turns out that
for any weakly differentiable f : RP? — RP,

B [l@— f(2 +tg)l13] = Ey [z +tg — f(@ +tg)l3 + 2027 - f(w +tg)| — 2D,

(7.6.1)
where V- denotes the divergence operator:
D
Vof=Y 0if
i=1

The x-dependent part of the RHS of Equation (7.6.1) is called Stein’s unbiased
risk estimator (SURE). If we take expectations over x in Equation (7.6.1), note
that the RHS can be written as an expectation with respect to x;—in particular,
the mean-squared error of any denoiser f can be estimated solely from noisy
samples! This remarkable fact, in refined forms, constitutes the basis for many
practical techniques for performing image restoration, denoising-diffusion, etc.
using only noisy data: notable examples include the “noise2noise” paradigm
[LMH-+18] and Ambient Diffusion [DSD+23a].

As a fun aside, we point out that Equation (7.6.1) leads to an alternate proof
of Tweedie’s formula (Theorem 3.2). At a high level, one takes expectations over
@ and expresses the main part of the RHS of Equation (7.6.1) equivalently, via
integration by parts, as

Ea, [l = f(@0)l3 + 22V - f(21)]

— Eu (o f(@013] -2 [ (Ve )56 (762

This is a quadratic function of f, and formally taking derivatives gives that
the optimal f satisfies Tweedie’s formula (Theorem 3.2). This argument can be
made rigorous using basic ideas from the calculus of variations.
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Corrections to the Diffusion Posterior Sampling (DPS) approxima-
tion. In Example 7.4 and in particular in Figure 7.11, we pointed out a limi-
tation of the DPS approximation Equation (7.3.26) at small levels of measure-
ment noise. This limitation is well-understood, and a principled approach to
ameliorating it has been proposed by Rozet et al. [RAL+24]. The approach
involves incorporating an additional estimate for the variance of the noisy pos-
terior py|, to Equation (7.3.26)—we refer to the paper for details. Natural
estimates for the posterior variance are slightly less scalable than DPS itself due
to the need to invert an affine transformation of the Jacobian of the posterior
denoiser E[z | x; = €] (a large matrix). This is done relatively efficiently by
Rozet et al. [RAL+24] using automatic differentiation and an approximation for
the inverse based on conjugate gradients. It seems that it should be possible to
improve further over this approach (say, using classical ideas from second-order
optimization).

More about measurement matching and diffusion models for inverse
problems. Diffusion models have become an extremely popular tool for solv-
ing inverse problems arising in scientific applications. Many more methods
beyond the simple DPS algorithm we have presented in Algorithm 7.1 have
been developed and continue to be developed, as the area is evolving rapidly.
Popular and performant classes of approaches beyond DPS, which we have pre-
sented due to its generality, include variable splitting approaches like DAPS
[ZCB+-24], which allow for specific measurement constraints to be enforced
much more strongly than in DPS, and exact approaches that can avoid the
use of approximations as in DPS, such as TDS [WTN+23]. For more on this
area, we recommend [ZCZ+25], which functions simultaneously as a survey and
a benchmark of several popular methods on specific scientific inverse problem
datasets.

History of the Infomax principle. The Infomax principle [Lin88] that we
introduced in our discussion of joint embedding learning and CLIP in Sec-
tion 7.4.2 is a well-known and important foundation for much of modern re-
search into unsupervised representation learning. For further reading, we refer
to [OLV18], which our conceptual discussion in Section 7.4.2 expands upon,
and [OLC+25], which details further important theoretical issues associated
with optimizing Infomax-type objectives from finite samples.

7.7 Exercises and Extensions

Ezercise 7.1 (Posterior Variance Correction to DPS). 1. Using the code provided
in the book GitHub for implementing Figure 7.11, implement the posterior
variance correction proposed by Rozet et al. [RAL+24].

2. Verify that it ameliorates the posterior collapse at low noise variance issue
observed in Figure 7.11.
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3. Discuss any issues of sampling correctness that are retained or introduced by
the corrected method, as well as its efficiency, relative to diffusion posterior
sampling (DPS).

Ezercise 7.2 (Conditional Sampling on MNIST). 1. Train a simple classifier for
the MNIST dataset, using an architecture of your choice. Additionally train
a denoiser suitable for use in conditional sampling (Algorithm 7.2, since this
denoiser can be used for unconditional denoising as well).

2. Integrate the classifier into a conditional sampler based on classifier guidance,
as described in the first part of Section 7.4.1. Evaluate the resulting samples
in terms of faithfulness to the conditioning class (visually; in terms of nearest
neighbor; in terms of the output of the classifier).

3. Integrate the classifier into a conditional sampler based on classifier-free guid-
ance, as described in Section 7.4.1 and Algorithm 7.2. Perform the same
evaluation as in the previous step, and compare the results.

4. Repeat the experiment on the CIFAR-10 dataset.



