Chapter 2

Learning Linear and
Independent Structures

“The art of doing mathematics consists in finding that special case
which contains all the germs of generality.”

— David Hilbert

Real data has low-dimensional structure. To see why this is true, let us
consider the unassuming case of static on a TV when the satellite isn’t working.
At each frame (approximately every 3—10 seconds), the RGB static on a screen of
size H x W is, roughly, sampled independently from a uniform distribution on
[0, 1]3*H>*W " Tn theory, the static could resolve to a natural image on any given
frame, but even if you spend a thousand years looking at the TV screen, it will
not. This discrepancy is explained by the fact that the set of H x W natural
images takes up a vanishingly small fraction of the hypercube [0, 1]3*#xW
In particular, it is extremely low-dimensional, compared to the ambient space
dimension. Similar phenomena occur for all other types of natural data, such as
text, audio, and video. Thus, when we design systems and methods to process
natural data and learn its structure or distribution, this is a central property of
natural data which we need to take into account.

Therefore, our central task is to learn a distribution that has low intrinsic
dimension in a high-dimensional space. In the remainder of this chapter, we
discuss several classical methods to perform this task for several somewhat ide-
alistic models for the distribution, namely models that are geometrically linear
or statistically independent. While these models and methods are important
and useful in their own right, we discuss them here as they motivate, inspire,
and serve as a predecessor or analogue to more modern methods for more general
distributions that involve deep (representation) learning.

Our main approach (and general problem formulation) can be summarized
as:
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Figure 2.1: Data on a single low-dimensional subspace (left), say S = col(U),
or a mixture of low-dimensional subspaces (right), say S; = col(U;).

Problem: Given one or several (noisy or incomplete) observations of a
ground truth sample from the data distribution, obtain an estimate of
this sample.

This approach underpins several classical methods for data processing, which
we discuss in this chapter.

e Section 2.1 — Principal Components Analysis (PCA): Given noisy samples
from a distribution supported on one low-dimensional subspace, obtain an
estimate of the true sample that lies on this subspace.

e Section 2.2 — Complete Dictionary Learning and Independent Compo-
nents Analysis (ICA): Given noisy samples from a distribution supported
on a union (not the span) of a few low-dimensional subspaces, obtain an
estimate of the true samples.

e Section 2.3 — Sparse Coding and Dictionary Learning: Given noisy sam-
ples from a distribution supported on combinations of a few incoherent
vectors, such as the coordinate axes, obtain an estimate of the true sam-
ple, which also has this property.

In this chapter, as described above, we make simplifying modeling assump-
tions that essentially assume (the support of) the data distribution has geo-
metrically (nearly, piece-wise) linear structures and statistically independent
components, as illustrated in Figure 2.1. In Chapter 1, we have referred to
such models of the data as “analytical models”. These modeling assumptions
allow us to derive efficient algorithms with provable efficiency guarantees, both
in terms of data and computational complexity, for processing data at scale.
However, they are imperfect models for often-complex real-world data distri-
butions, and so their underlying assumptions only approximately hold. This
means that the guarantees afforded by detailed analysis of these algorithms also
only approximately hold in the case of real data.

Nonetheless, the techniques discussed in this chapter are useful in their own
right, and beyond that, serve as the “special case with the germ of generality”,
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so to speak, in that they present a guiding motivation and intuition for the
more general paradigms within (deep) learning of more general distributions
that we later address. As we will soon reveal in later chapters, in the deep
learning era, modern “data-driven” or “non-parametric” approaches to learn
(low-dimensional) data distributions essentially adopt the same concepts and
ideas to learn.

A Note on Notation. We encourage the reader to consult the Notation
chapter, particularly the “Modeling and Optimization Notation” section, as
they begin to go through this chapter. We use the same notational conventions
for modeling data and optimizing the parameters of these models throughout
the book, and the simple, explicit models we study in this chapter help make
the ‘semantic’ content of these conventions clear.

2.1 A Low-Dimensional Subspace

2.1.1 Principal Components Analysis (PCA)

Perhaps the simplest modeling assumption possible for low-dimensional struc-
ture is the so-called low-rank assumption. Letting D be the dimension of our
data space, we assume that our data belong to a low-dimensional subspace of
dimension d <« D, possibly plus some small disturbances.! This ends up being
a nearly valid assumption for some surprisingly complex data, such as images
of handwritten digits and face data [RD03] as shown in Figure 2.2, yet as we
will see, it will lend itself extremely well to comprehensive analysis.

Problem Formulation. To write this in mathematical notation, we represent
a subspace S C R” of dimension d by an orthonormal matrix U € O(D,d) C
RDP*4 such that the columns of U span S. Then, we say that our data {z;}}¥; C
RP have (approximate) low-rank structure if there exists an orthonormal matrix
U € O(D,d), vectors {z;}}¥., C R, and small vectors {e;}}¥., C RP such that

Here e; are disturbances that prevent the data from being perfectly low rank;
their presence in our model allows us to quantify the degree to which our anal-
ysis remains relevant in the presence of deviations from our model. The true
supporting subspace is § = col(U), the span of the columns of U. To process all
we can from these data, we need to recover S; to do this it is sufficient to recover
U, also called the principal components. Fortunately, this is a computationally
tractable task named Principal Component Analysis, and we discuss now
how to solve it.

IPlus, potentially, a non-trivial offset from 0; in practice we account for this offset by
subtracting the empirical mean over data samples from each sample, and in the following
Chapter we pay no more heed to it.
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Figure 2.2: Images of aligned human faces and handwritten digits. Despite
the seemingly large variety in their appearances, each set of these data spans
(approximately) a very low-dimensional (nearly) linear subspace. This can be
made technically precise in the notation of (2.1.1): for a relatively small subspace
dimension d (say, = 20, compared to the dimension D = 784 of MNIST digits),
the error vectors g; are small for every i € [N] (where N = 6 - 10 for MNIST
is the dataset size). We can learn the optimal such subspace from data.

Given data {z;} ; distributed as in (2.1.1), we aim to recover the model
U. A natural approach is to find the subspace U* and latent vectors {z}¥,
which yield the best approximation x; ~ U*z}. Namely, we aim to solve the
problem
LN
min NZN@—U%@ (2.1.2)

U.{z 'ZiV:l i=1

where U is constrained to be an orthonormal matrix, as above. We will omit
this constraint in similar statements below for the sake of concision.

Subspace Encoding-Decoding via Denoising. To simplify this problem,
for a fixed U, we have (proof as exercise):

N N
1 - 1 .
in — Y [o-Uz|3=—> min|z; - Uz]3 2.1.3
é%iN#ﬂw Zill2 Nﬁfgww Zill2 (2.1.3)

N
1 .
:NEHm—mﬂ%@ (2.1.4)
=1

That is, the optimal solution (U*,{2}X ;) to the above optimization problem
has zf = (U*) T ;.

Now, we can write the original optimization problem in U and {Z N as
an optimization problem just over U, i.e., to obtain the basis U* and compact
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Figure 2.3: Geometry of PCA. A data point @ (red) is projected onto the one-
dimensional learned subspace spanned by the unit basis vector w1 (blue arrow). The
projection UU '@ = wju{ @ (green) is the denoised version of x using the low-
dimensional structure given by wi, and € (brown arrow) represents the projection

residual or noise.

codes {2}, it suffices to solve either of the two following equivalent problems:

N N
1 ~ 1 .
min i Z-E,l |z; — UZ|3 = m&n i iil |z, — UU "a;||2. (2.1.5)

0»{21' «ILV:1

Note that the problem on the right-hand side of (2.1.5) is a denoising problem:
given noisy observations x; of low-rank data, we aim to find the noise-free
copy of x;, which under the model (2.1.1) is Uz;. That is, the denoised input
&; = UU "x;. Notice that this is the point on the subspace that is closest
to x;, as visualized in Figure 2.3. Here by solving the equivalent problem of
finding the best subspace, parameterized by the learned basis U*, we learn an
approximation to the denoiser, i.e., the projection matrix U*(U*)T ~ UU"
that projects the noisy data point x; onto the subspace S.

Putting the above process together, we essentially obtain a simple encoding-
decoding scheme that maps a data point = in RP to a lower-dimensional (latent)
space R? and then back to RP:

E=Un)" D=U*
z

. (2.1.6)

Here, z € R? can be viewed as the low-dimensional compact code (or a latent
representation) of a data point € R” and the learned subspace basis U* as the
associated codebook whose columuns are the (learned) optimal code words. The
process achieves the function of denoising & by projecting it onto the subspace
spanned by U*.

Computing the Subspace Basis. For now, we continue our calculation. Let
X = [:Bl, e a:N] € RP*N be the matrix whose columns are the observations
x;. We have (proof as exercise)

N N
! . 1 .
argﬁmm ¥ Z |z, — UU "a;||% = arggnax ¥ Z 1T "2 (2.1.7)
i=1 =1
- XXT\ -
= arg maxtr{UT < ) U}. (2.1.8)
o N
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Thus, to compute the principal components, we find the orthogonal matrix
U which maximizes the term tr(U' (XX T /N)U). We can prove via induc-
tion that this matrix U* has columns which are the top d unit eigenvectors of
X X T /N. We leave the whole proof to the reader in Exercise 2.1, but we handle
the base case of the induction here. Suppose that d = 1. Then we only have a
single unit vector u to recover, so the above problem reduces to

max @ (XXT/N)a. (2.1.9)

a: fafz=1

This is the so-called Rayleigh quotient of X X ' /N. By invoking the spectral
theorem we diagonalize XX /N = QAQT, where Q is orthogonal and A is
diagonal with non-negative entries. Hence

A" (XXT/Na=u"QAQ"u = (Q"a)"A(Q"a). (2.1.10)

Since Q is an invertible orthogonal transformation, Q'@ is a unit vector, and
optimizing over @ is equivalent to optimizing over w = Q' @. Hence, we can
write

@ (XXT/N)a=w" Aw, (2.1.11)

whose optimal solutions w* among unit vectors are one-hot vectors whose only
nonzero (hence unit) entry is in one of the indices corresponding to the largest
eigenvalue of X X ' /N. This means that u* = Qw*, the optimal solution to the
original problem, corresponds to a unit eigenvector of X X T /N (i.e., column
of Q) which corresponds to the largest eigenvalue. Suitably generalizing this
to the case d > 1, and summarizing all the previous discussion, we have the
following informal Theorem.

Theorem 2.1. Suppose that our dataset {z;}N | C RP can be written as
x;, =Uz; + ¢, Vi € [N], (2.1.12)

where U € O(D,d) captures the low-rank structure, {z;}Y., C R? are the com-
pact codes of the data, and {e;}}., C RP are small vectors indicating the
deviation of our data from the low-rank model. Then the principal components
U* € O(D,d) of our dataset are given by the top d eigenvectors of X X ' /N,
where X = [x1,...,xN] € RP*N and approvimately correspond to the optimal
linear denoiser: U*(U*)T ~UU .

We do not give explicit rates of approximation here as they can become
rather technical. In the special case that ; = 0 for all ¢, the learned U™ spans
the support of the samples {z;}X¥ ;. If in addition the z; are sufficiently diverse
(say, spanning all of R?) then we would have perfect recovery: U*(U*)T =
uu’.

Remark 2.1. In some data analysis tasks, the data matrix X is formatted such
that each data point is a row rather than a column as is presented here. In this
case the principal components are the top d eigenvectors of X T X /N.
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Remark 2.2 (Basis Selection via Denoising Eigenvalues). In many cases, either
our data will not truly be distributed according to a subspace-plus-noise model,
or we will not know the true underlying dimension d of the subspace. In this case,
we have to choose d; this problem is called model selection. In the restricted case
of PCA, one way to perform model selection is to compute X X ' /N and look for
instances where adjacent eigenvalues sharply decrease; this is one indicator that
the index of the larger eigenvalue is the “true dimension d”, and the rest of the
eigenvalues of X X T /N are contributed by the noise or disturbances &;. Model
selection is a difficult problem and, nowadays in the era of deep learning where
it is called “hyperparameter optimization”, is usually done via brute force or
Bayesian optimization, often using the loss on a holdout (“validation”) dataset
as an objective.

Remark 2.3 (Denoising Samples). The expression on the right-hand side of
(2.1.5), that is,

N
1 -
min — x; — UUT:BZ- 2, 2.1.13
n 3| E (21.13)

is what’s known as a denoising problem, thus named because it is an optimiza-
tion problem whose solution removes the noise from the samples so it fits on
the subspace. Denoising—Ilearning a map which removes noise from noisy sam-
ples so that it fits on the data structure (such as in (2.1.1), but maybe more
complicated)—is a common method for learning distributions that will be dis-
cussed in the sequel and throughout the manuscript. Note that we have already
discussed this notion, but it bears repeating due to its central importance in
later chapters.

Remark 2.4 (Neural Network Interpretation). If we do a PCA, we approxi-
mately recover the support of the distribution encoded by the parameter U*.
The learned denoising map then takes the form U*(U*)T. On top of being
a denoiser, this can be viewed as a simple two-layer weight-tied linear neural
network: the first layer multiplies by (U*) T, and the second layer multiplies by
U*, namely
denoise(z) = U™ o ido (U Tz (2.1.14)
———
first “layer”

post-activation of first “layer”

output of “NN”

Contrasting this to a standard two-layer neural network, we see a structural
similarity:
NN(z) =W*o ReLUo (U") 'z (2.1.15)

——
first layer

post-activation of first layer

output of NN

In particular, PCA can be interpreted as learning a simple two-layer denoising
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autoencoder,” one of the simplest examples of a non-trivial neural network. In
this framework, the learned representations would just be (U*) Tz ~ z. In this
way, PCA serves as a model problem for (deep) representation learning, which
we will draw upon further in the monograph. Notice that in this analogy, the
representations reflect, or are projections of, the input data towards a learned
low-dimensional structure. This property will be particularly relevant in the
future.

2.1.2 Pursuing Low-Rank Structure via Power Iteration

There is a computationally efficient way to estimate the top eigenvectors of
XX T/N or any symmetric positive semidefinite matrix M, called power it-
eration. This method is the building block of several algorithmic approaches
to high-dimensional data analysis that we discuss later in the chapter, so we
discuss it here.

Let M be a symmetric positive semidefinite matrix. There exists an or-
thonormal basis for RP consisting of eigenvectors (w;)2; of M, with corre-
sponding eigenvalues A\; > --- > Ap > 0. By definition, any eigenvector w;
satisfies \;w; = Mw;. Therefore, for any \; > 0, w; is a “fixed point” to the

following equation:
Mw

= — 2.1.16
1Ml (2.1.16)

w

Theorem 2.2 (Power Iteration). Assume that A1 > A; for all ¢ > 1. If we
compute the fixed point of (2.1.16) using the following iteration:

M’Ut

UONN071, Vitl < >
O, v R

(2.1.17)

then, in the limit, v; will converge to a top unit-norm eigenvector of M.
Proof. First, note that for all ¢, we have

o M’Ut,1 . M2’Ut,2 . - Mt’U()
v = _ == (2118)
[Muvi—ill2  [|Mvi—1|l2][Mvi—2]|2 [Tz, [ Muvg2

Thus, v; has the same direction as M’y and is unit norm, so we can write

t
M’Uo

= - 2.1.19
M (2:1.19)

(2

Because all the eigenvectors w; of M form an orthonormal basis for R”, we can
write

D
v =Y oiw;, (2.1.20)
=1

2In fact, as we have mentioned in the previous chapter, PCA was one of the first problems
that neural networks were used to solve [BH89; Oja82].
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where because vy is Gaussian the «; are all nonzero with probability 1. Thus,
we can use our earlier expression for v; to write

Mt D Aosw; 2 Mogw;
o= Mwo Y Mewi i Naww (2.1.21)

t - D t .
IMvollz |27, Magwilla — [520 yorg2

Now, let us consider the case where A\; > Ay > -+ > Ap > 0. (The case with
repeated top eigenvalues goes similarly.) Then we can write

arwi + Zz’zg()\i/)\l)tai’wi
Va2 + 12,00/ M) a2

Because A\; > A; for all ¢ > 1, the terms inside the summation go to 0 exponen-
tially fast, and the remainder is the limit

(2.1.22)

VU =

. aq
lim vy, = —
t—o00 ‘a1|

w1 = sign(al)wl, (2.1.23)

which is a top unit eigenvector of M. The top eigenvalue A\; of M can be
estimated by v, Mwv;, which converges similarly rapidly to A;. O

Remark 2.5 (Power Iteration as a Denoising Process). Notice that computing the
principal component via power iteration can be interpreted as a “denoising” pro-
cess: starting from random noise, it converges iteratively onto a one-dimensional
subspace. Indeed, as we will show later in Chapter 3, if we assume the support
of the data distribution is a single subspace, the associated denoising operator
(or the score function) is precisely the same as the above power iteration. In
Chapter 3, we will show how to generalize such a denoising process to distribu-
tions of more general low-dimensional structures. This is essentially a universal
and most efficient approach to learn any low-dimensional distributions.

To find the second top eigenvector, we apply the power iteration algorithm
to M — A\jviv, , which has eigenvectors (w;)2., and corresponding eigenvalues
(Ai)2.,. By repeating this procedure d times in sequence, we can very efficiently
estimate the top d eigenvectors of M for any symmetric positive semidefinite
matrix M. Thus we can also apply it to X X T /N to recover the top d principal
components, which is what we were after in the first place. Notice that this
approach recovers one principal component at a time; we will contrast this to
other algorithmic approaches, such as gradient descent on all eigenvectors, in
future sections.

2.1.3 Local and Incremental Learning via Online PCA

Notice that in the above construction, the linear transform U (i.e., the matrix
of principal components) used for encoding and decoding is computed “offline”
from all the input data beforehand. Ome question is whether this transform
can be learned “online” as the input data comes in order. This question was
answered by the work of Oja in 1982 [Oja82].
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Ezample 2.1 (Normalized Hebbian learning scheme for PCA). Consider a se-
quence of i.i.d. random vectors xy,...,x;,... € R"™ with covariance X € R™*".
Let ug € R™ and define the response of an input vector x; against a weight
vector w; to be their inner product:

n=u @ (2.1.24)
and we update the weight vector according to the following scheme:

w; + Y%,

_ 2.1.25
s + ymiwill (2.1.25)

Uiyl =

for some small gain v > 0. This update scheme can be viewed as a normalized
Hebbian scheme, in which the weights of connections between neurons become
stronger if (products of) both the input & and output 7 are strong. One may
view the vector of weights u as “learned” based on a form of feedback from the
output 7. Then, under reasonable assumptions, Oja [Oja82] has shown that u;
converges to the eigenvector associated with the largest eigenvalue of X. |

To interpret the normalized Hebbian scheme (2.1.25), let us think of the data
sample PCA objective (2.1.13) as an approximation to the population version
of the objective, defined via an expectation over the distribution of samples a:

Jmin E, |[e - UU ]} (2.1.26)
We will dig into this objective further in the following section. Then the
normalized Hebbian scheme can be interpreted as a first-order approximation
to a stochastic projected gradient descent scheme on Equation (2.1.26) (with
batch size 1, and with the number of columns of U equal to 1) as long as
|lu]l2 = 1, which is maintained by the projection operation in (2.1.25). Such an
online algorithm is a useful primitive for more complex algorithms that process
sequentially-structured data with causal structure, as we will study more in Sec-
tion 5.3.3 and Section 8.11. Interestingly, and more generally, the simple online
PCA algorithm is suggestive of the fact that simpler algorithms than (end-to-
end) back propagation can succeed in learning encoder-decoder pairs, which we
will briefly revisit in Chapter 9 as an important goal for the future study of
intelligence.

2.1.4 The Statistical View: Probabilistic PCA

Notice that the above formulation makes no statistical assumptions on the data-
generating process. However, it is common to include statistical elements within
a given data model, as it may add further enlightening interpretations about
the result of the analysis. As such, we ask the natural question: what is the
statistical analogue to low-dimensional structure? Our answer is that a low-
dimensional distribution is one whose support is concentrated around a low-
dimensional geometric structure.
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To illustrate this point, we discuss probabilistic principal component analysis
(PPCA) [Row97; TB99]. This formulation can be viewed as a statistical variant
of regular PCA. Mathematically, we now consider our data as samples from a
random variable  taking values in R? (also sometimes called a random vector).
We say that a has (approximate) low-rank statistical structure if and only if
there exists an orthonormal matrix U € O(D,d), a random variable z taking
values in R?, and a small random variable e taking values in RP such that z
and € are independent, and

z=Uz+e. (2.1.27)

Our goal is again to recover U. Towards this end, we set up the analogous prob-
lem as in Section 2.1.1, i.e., optimizing over subspace supports U and random
variables z to solve the following problem:

minE ||z — UZ|2. (2.1.28)
Oz

32

Since we are finding the best such random variable z we can find its realization
z(x) separately for each value of . Performing the same calculations as in
Section 2.1.1, we obtain

minE ||z — UZ2||2 = mjn[Eg%iI)l |z — Uz(zx)||? = minE | — UU "z|3, (2.1.29)
U,z U z(x U

32

again re-emphasizing the fact that the estimated subspace with principal compo-
nents U* corresponds to a denoiser U*(U*) T which projects onto that subspace.
As before, we obtain

arg minE |z — UU "x||2 = arg max E |U "z|2 (2.1.30)
U U

= arg max tr(U " E[zz " ]U), (2.1.31)
U

and the solution to the latter problem is just the top d principal components
of the second moment matrix E[zz]. Actually, the above problems are visu-
ally very similar to the equations for computing the principal components in
the previous subsection, except with E[zz '] replacing X X " /N. In fact, the
latter quantity is an estimate for the former. Both formulations effectively do
the same thing, and have the same practical solution—compute the left singular
vectors of the data matrix X, or equivalently the top eigenvectors of the esti-
mated covariance matrix X X T /N. The statistical formulation, however, has
an additional interpretation. Suppose that E[z] = 0 and E[e] = 0. We have

Elx] = U E[z] + E[e] = 0, (2.1.32)

so that Cov[z] = E[xzx "]. Now working out Cov[z] we have
Cov[x] = U Cov[z]U" + Covle] = U E[zz"|U " + Covle]. (2.1.33)
In particular, if Cov[e] is small, it holds that Cov[x] = E[xx "] is approximately
a low-rank matrix, in particular rank d. Thus the top d eigenvectors of E[zz ]
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essentially summarize the whole covariance matrix. But they are also the princi-
pal components, so we can interpret principal component analysis as performing
a low-rank decomposition of Cov[z].

Remark 2.6. By using the probabilistic viewpoint of PCA, we achieve a clearer
and more quantitative understanding of how it relates to denoising. First, con-
sider the denoising problem in (2.1.29), namely

minE ||z — U " z|3. (2.1.34)
U

It is not too hard to prove that if U has d columns and if € is an isotropic
Gaussian random variable, i.e., with distribution & ~ A(0,02%I),* then for any
optimal solution U™ to this problem, we have

U (Uu""=UuU" (2.1.35)

and so the true supporting subspace, say S = col(U), is recovered as the span
of columns of U™, since

S =col(U) = col(UU ") = col(U*(U*) ") = col(U*). (2.1.36)

In particular, the learned denoising map U*(U*)T is an orthogonal projection
onto S, pushing noisy points onto the ground truth supporting subspace. We can
establish a similar technical result in the case where we only have finite samples,
as in Theorem 2.1, but this takes more effort and technicality. Summarizing this
discussion, we have the following informal Theorem.

Theorem 2.3. Suppose that the random variable x can be written as
x=Uz+e (2.1.37)

where U € O(D, d) captures the low-rank structure, z is a random vector taking
values in RY, and € is a random vector taking values in RP such that z and e
are independent, and € is small. Then the principal components U* € O(D, d)
of our dataset are given by the top d eigenvectors of Elxx ], and approzimately
correspond to the optimal linear denoiser: U*(U*)T ~ UU .

2.1.5 Masked Low-Rank Matrix Completion

In the previous subsections, we discussed the problem of learning a low-rank
geometric or statistical distribution, where the data were sampled from a sub-
space with additive noise. But this is not the only type of disturbance from
a low-dimensional distribution that is worthwhile to study. In this subsection,
we introduce one more class of non-additive errors which become increasingly
important in deep learning. Let us consider the case where we have some data
{x;}N| generated according to (2.1.1). Now we arrange them into a matrix

30ther distributions work so long as they support all of RP, but the Gaussian is the easiest
to work with here.
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X = [1:1, cee acN] € RP*N_ Unlike before, we do not observe X directly; we
instead imagine that our observation was corrupted en route and we obtained

Y =MoX, (2.1.38)

where M € {0,1}P*" is a mask that is known by us, and © is element-wise
multiplication. In this case, our goal is to recover X (from which point we
can use PCA to recover U, etc), given only the corrupted observation Y, the
mask M, and the knowledge that X is (approximately) low-rank. This is called
low-rank matrix completion.

This and similar generalizations of this low-rank structure recovery problem
are referred to as “Robust PCA” problems. There have been many excellent
resources discussing algorithms and approaches to solve these problems [WM22].
Hence we will not go into the solution method here. Instead, we will discuss
under what conditions this problem is plausible to solve. On one hand, in
the most absurd case, suppose that each entry of the matrix X were chosen
independently from all the others. Then there would be no hope of recovering
X exactly even if only one entry were missing and we had DN — 1 entries. On
the other hand, suppose that we knew that X has rank 1 exactly, which is an
extremely strong condition on the low-dimensional structure of the data, and
we were dealing with the mask

M— 1p-nyx1 Om-1)xv-1) ) (2.1.39)
1 Lix(nv—1)

Then we know that the data are distributed on a line, and we know a vector on
that line—it is just the first column of the matrix Y = M © X. From the last
coordinate of each column, also revealed to us by the mask, we can solve for
each column since for each final coordinate there is only one vector on the line
with this coordinate. Thus we can reconstruct X with perfect accuracy, and we
only need a linear number of observations D + N — 1.

In the real world, actual problems are somewhere in between the two limiting
cases discussed above. Yet the differences between these two extremes, as well
as the earlier discussion of PCA, reveal a general kernel of truth:

The lower-dimensional and more structured the data distribution
is, the easier it is to process, and the fewer observations are
needed—provided that the algorithm effectively utilizes this
low-dimensional structure.

As is perhaps predictable, we will encounter this motif repeatedly in the remain-
der of the manuscript, starting in the very next section.”

4In later chapters, we will see that one can complete real-world data such as images with
only a fraction of unmasked observations, e.g., the masked autoencoding of images in Sec-
tion 8.5. This is also because the distribution of natural images has rather low-dimensional
(albeit nonlinear) structures in the space of all images.
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imposed

(©) Feature points before segmentation (d) Feature points after segmentation

Figure 2.4: Left: features tracked on independently moving objects in a scene.
Right: image patches associated with different regions of an image.

2.2 A Mixture of Complete Low-Dimensional Sub-
spaces

As we have seen, low-rank signal models are rich enough to provide a full picture
of the interplay between low-dimensionality in data and efficient and scalable
computational algorithms for representation and recovery under errors. These
models imply a linear and symmetric representation learning pipeline (2.1.6):

z2=E(@x)=U"x, &=D(z)=Uz,

which can be provably learned from finite samples of & with principal com-
ponent analysis (solved efficiently, say, with the power method) whenever the
distribution of @ truly is linear. This is a restrictive assumption—for as Harold
Hotelling, the distinguished 20th century statistician,” objected following George
Dantzig’s presentation of his theory of linear programming for the first time
[Dan02],

“..we all know the world is nonlinear.”

Even accounting for its elegance and simplicity, the low-rank assumption
is too restrictive to be broadly applicable to modeling real-world data. A key
limitation is the assumption of a single linear subspace that is responsible for
generating the structured observations. In many practical applications, struc-
ture generated by a mizture of distinct low-dimensional subspaces provides a
more realistic model. For example, consider a video sequence that captures the
motion of several distinct objects, each subject to its own independent displace-
ment (Figure 2.4 left). Under suitable assumptions on the individual motions,
each object becomes responsible for an independent low-dimensional subspace
in the concatenated sequence of video frames [VMO04]. As another example,
consider modeling natural images via learning a model for the distribution of

5By coincidence, also famous for his contributions to the development and naming of Prin-
cipal Component Analysis [Hot33].
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patches, spatially-contiguous collections of pixels, within an image (Figure 2.4
right). Unlike in the simplistic setting of Figure 2.2, where images of faces
with matched poses can be well-approximated by a single low-dimensional sub-
space, the patch at a specific location in a natural image can correspond to
objects with very different properties—for example, distinct color or shape due
to occlusion boundaries. Therefore, modeling the distribution of patches with
a single subspace is futile, but a mizture of subspaces, one for each region, per-
forms surprisingly well in practice, say for segmenting or compressing purposes
[MRY+11].° We will see a concrete example in a later chapter (Example 4.10).

In this section, we will begin by discussing the conceptual and algorithmic
foundations for structured representation learning when the data distribution
can be modeled by a mizture of low-dimensional subspaces, as illustrated in
Figure 2.1. In this setting, the decoder mapping will be almost as simple as the
case of a single subspace: we simply represent via

K
z=D(z)= (Z ﬂk(z)Uk> z, (2.2.1)
k=1

where 7, : RY — {0,1} are a set of sparse weighting random variables, such
that only a single subspace Sy = col(Uy) is selected in the sum. However, the
task of encoding such data x to suitable representations z, and learning such
an encoder-decoder pair from data, will prove to be more involved.

We will see how ideas from the rich literature on sparse representation and
independent component analysis lead to a natural reformulation of the above
decoder architecture through the lens of sparsity, the corresponding encoder ar-
chitecture (obtained through a power-method-like algorithm analogous to that
of principal component analysis), and strong guarantees of correctness and effi-
ciency for learning such encoder-decoder pairs from data. In this sense, the case
of mixed linear low-dimensional structure already leads to many of the key con-
ceptual components of structured representation learning that we will develop
in far greater generality in this book.

2.2.1 Mixtures of Subspaces and Sparsely-Used Dictionar-

1es
Let Uy,...,Uk, each of size D x d, denote a collection of orthonormal bases for
K subspaces of dimension d in R”. To say that x follows a mixture-of-subspaces
distribution parameterized by Uy, ..., Uk means, geometrically speaking, that

x =Uyz for some k € [K], z € R% (2.2.2)

The statistical analogue of this geometric model, as we saw for the case of PCA
and linear structure, is that x follows a mizture of Gaussians distribution: that

SWe will return to this observation in Chapter 5, where we will show it can be significantly
generalized to learn representations for large-scale modern datasets.
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is, p p

T ~ ZwkN(O,UkUJ), for some 7 > 0, Zwk =1 (2.2.3)

k=1 k=1

In other words, for each k € [K], « is Gaussian on the low-dimensional subspace
col(Uy) with probability 7.
Remark 2.7 (A Mixture of Gaussians v.s. A Superposition of Gaussians). One
should be aware that the above model (2.2.3) is a mizture of Gaussian distribu-
tions, not to be confused with a mixture of Gaussian variables by superposition,
say

T = Zwiwi, x; ~ N(0,U;U;"), (2.2.4)
i=1

where x; are independent random Gaussian vectors and w; are a set of fixed
weights. As we know from the properties of Gaussian vectors, such a superpo-
sition x will remain a Gaussian distribution.

For now, we focus on the geometric perspective offered by (2.2.2). There is
an algebraically convenient alternative to this conditional representation. Con-
sider a lifted representation vector z = [z],...,z%]" € R such that z is
d-sparse with support on one of the K consecutive non-overlapping blocks of d

coordinates out of dK. Then (2.2.2) can be written equivalently as

I z1 [E3N(P
e T e lzscll2]
u z
Here, the £° “norm” || - || measures sparsity by counting the number of nonzero
entries:
1Zllo = {2 [ 2 # 03}, (2.2.6)

and the matrix U € RP*X4 s called a dictionary with all the {U;}X | as code
words. In general, if the number of subspaces in the mixture K is large enough,
there is no bound on the number of columns contained in the dictionary U. In
the case where Kd < D, U is called undercomplete; when Kd = D, it is called
complete; and when Kd > D, it is called overcomplete.

Now, (2.2.5) suggests a convenient relaxation for tractability of analysis:
rather than modeling & as coming from a mixture of K specific subspaces
U,,...,Ugk, we may instead start with a dictionary U € RP*™  where m may
be smaller or larger than D, and simply seek to represent @ = Uz with the
sparsity ||z||o sufficiently small. This leads to the sparse dictionary model for x:

r=Uz+e, |z|o<d, (2.2.7)

where € represents an unknown noise vector. Geometrically, this implies that
x lies close to the span of a subset of ||z||op columns of U, making this an
instantiation of the mixture-of-subspaces model (2.2.2) with a very large value
of K, and specific correlations between the subspaces Uy.
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Orthogonal dictionary for sparse coding. Now we can formulate the
structured representation learning problem for mixtures of low-dimensional sub-
spaces that we will study in this section. We assume that we have samples
X = [z1,...,xN] from an unknown sparse dictionary model (2.2.7), possibly
with added noises €;. Let us begin from the assumption that the dictionary U
in the sparse dictionary model (2.2.7) is complete and orthogonal,” and that
each coefficient vector z is d-sparse, with d < D. In this setting, representation
learning amounts to correctly learning the orthogonal dictionary U via opti-
mization: we can then take £(x) = U "« as the encoder and D(z) = Uz as the
decoder, and D = £~!. In diagram form:

UL, DU L5 (2.2.8)
We see that the autoencoding pair (£, D) for complete dictionary learning is
symmetric, as in the case of a single linear subspace, making the computational
task of encoding and decoding no more difficult than in the linear case. On the
other hand, the task of learning the dictionary U is strictly more difficult than
learning a single linear subspace by PCA. To see why we cannot simply use PCA
to learn the orthogonal dictionary U correctly, note that the loss function that
gave rise to PCA, namely (2.1.5), is completely invariant to rotations of the rows
of the matrix U: that is, if @ is any d x d orthogonal matrix, then U and UQ
are both feasible and have an identical loss for (2.1.5). The sparse dictionary
model is decidedly not invariant to such transformations: if we replaced U by
UQ and made a corresponding rotation Q' z of the representation coefficients
z, we would in general destroy the sparsity structure of z, violating the modeling
assumption. Thus, we need new algorithms for learning orthogonal dictionaries.

2.2.2 Complete Dictionary Learning

In this section, we will derive algorithms for solving the orthogonal dictionary
learning problem. To be more precise, we assume that the observed vector
x € RP follows a statistical model

z=Uz+e, (2.2.9)

where U € RP*P is an unknown orthogonal dictionary, z is a random vector
with statistically independent components z;, each with zero mean, and e € RP
is an independent random vector of small (Gaussian) noises. The goal is to
recover U (and hence z) from samples of x.

Here we assume that each independent component z; is distributed as

z;i ~ Ber(6) - N'(0,1/0).

That is, it is the product of a Bernoulli random variable with probability 6
of being 1 and 1 — # of being 0, and an independent Gaussian random vari-
able with variance 1/6. This distribution is formally known as the Bernoulli-
Gaussian distribution. The normalization is chosen so that Var(z;) = 1 and

"It can be shown that for the complete case, we do not lose any generality by making the
orthogonal assumption (Exercise 2.4).
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—
— 12
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Figure 2.5: Maximizing ¢* norm or minimizing ¢* norm promotes sparsity (for
vectors on the sphere).

hence E[||z]|3] = d. This modeling assumption implies that the vector of in-
dependent components z is typically very sparse: we calculate E[||z]]o] = df,
which is small when 6 is inversely proportional to d.

Remark 2.8 (The Orthogonal Assumption). At first sight, the assumption that
the dictionary U is orthogonal might seem to be somewhat restrictive. But there
is actually no loss of generality. One may consider a complete dictionary to be
any square invertible matrix U. With samples generated from this dictionary:
X = UZ <€ RPXN it is easy to show that with some preconditioning of the
data matrix X:

_ 1 -3
X = (—XXT) X, 2.2.10
No ( )
then there exists an orthogonal matrix U, € O(D) such that
X=U,Z. (2.2.11)
See Exercise 2.4 or [SQW17b] for more details.
Dictionary learning via the MSP algorithm. Now suppose that we are
given a set of observations:

x,=Uz;+eg;, Vi€ [N] (2.2.12)

Let X = [x1,...,zy] and Z = [21,..., 2x]. The goal is to recover U from the
data X . Therefore, given any orthogonal matrix A € O(D),

Ax; = AUz; + Aeg; (2.2.13)

would be nearly sparse if A = U' (as by assumption the noise &; is of small
magnitude).
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Also, given U is orthogonal and the fact € is small, the vector « has a
predictable expected norm, i.e., E[||z||3] ~ E[||2]|3] = d. It is a known fact that
for vectors on a sphere, maximizing the 4 norm is equivalent to minimizing the
¢° norm (for promoting sparsity),

arg max||z|ls < arg min|z|o. (2.2.14)
zeSn zeSn
This is illustrated in Figure 2.5.
An orthogonal matrix A preserves the Euclidean (¢2) norm: ||Az||3 = ||z||3.

Therefore, to find the correct orthogonal dictionary U from X, we may try to
solve the following optimization program:

axl iS4
x5 e

This is known as the ¢* maximization problem [ZMZ+20]. After we find the
solution A*, we can take the transpose U* = (A*)T.

max

1
2 ‘ (2.2.15)
Aco(p) 4

4
4

Remark 2.9. It is also known that for vectors on a sphere, minimizing the ¢
norm is equivalent to minimizing the £° norm (for promoting sparsity),

arg min||z|; < arg min||z|o,
z€S5™ z€S™
which is also illustrated in Figure 2.5. This fact can also be exploited to learn the
dictionary A effectively and efficiently. This was actually explored earlier than
the £* norm used here. Interested readers may refer to the work of [QZL+20b].

Note that the above problem is equivalent to the following constrained op-
timization problem:

1y~ 4 o
min ~1 HAXH4 subject to ATA =1T. (2.2.16)

As shown in [WM22], using the Lagrange multiplier method, one can derive that
the optimal solution to the problem should satisfy the following “fixed point”
condition:

A = PO(D)[(A*X)®3XT], (2.2.17)

where Po(py[-] is a projection onto the space of orthogonal matrices O(D).®
To compute the fixed point for the above equation, similar to how we com-
puted eigenvectors for PCA (2.1.16), we may take the following power iteration:

A1 =Pom)[(A:X)B3XT]. (2.2.18)

This is known as the matching, stretching, and projection (MSP) algorithm
proposed by [ZMZ+20]. Tt was shown that under broad conditions such a greedy
algorithm indeed converges to the correct solution at a superlinear rate.

8For any matrix M with SVD M = UV, Po(py[M] = UVT. We leave this as an
exercise for the reader.
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Remark 2.10 (Global Optimality of * Maximization). The constrained ¢4 max-
imization problem is a nonconvex program. In general one should not expect
that any greedy (say gradient-descent type) algorithms would converge to the
globally optimal solution. Surprisingly, one can show that, unlike general non-
convex programs, the landscape of #* maximization over a sphere

min —i HthXH;L subject to ¢'g = 1. (2.2.19)

is very benign: All local minima are close to the global optima and all critical
points are saddle points with a direction of negative curvature. Hence, any
descent method with the ability of escaping strict saddle points provably finds
global optimal solutions. For more precise statements, interested readers may
refer to [QZL+20a].

Remark 2.11 (Stable Deep Linear Network). The above iterative process of com-
puting the dictionary has a natural incremental “deep learning” interpretation.
Let us define § A1 = AtHA;'— and Z; = A; X, then it is easy to show that

5Asi1 = Popyl(Z)Z]).

If A, converges to the correct dictionary U, then the above iterative encoding
process is essentially equivalent to a “deep linear network”:

Z +— Zt+1 = 6At+15At ...0A; X.

forward constructed layers

Note that the computation of the increment transforms dA;;; at each layer
depends only on the feature output from the previous layer Z;. The network is
naturally stable as each layer is a norm-preserving orthogonal transform. De-
spite its resemblance to a linear deep network, backpropagation is unnecessary
to learn each layer. All layers are learned in one forward pass!

2.2.3 Connection to ICA and Kurtosis

With the Bernoulli-Gaussian model, the variables z; are independent and non-
Gaussian. Then, there is a clear correspondence between the dictionary learning
and the classic independent component analysis (ICA), to the extent that algo-
rithms to solve one problem can be used to solve the other.”

Towards deriving an algorithm based on ICA, we focus on an objective func-
tion known as kurtosis, which is used in ICA as a direct consequence of the
non-Gaussianity of the components. The kurtosis, or fourth-order cumulant, of
a zero-mean random variable X is defined as

kurt(X) = E X* — 3(F X?)2. (2.2.20)

9We explore this issue in more depth in Exercise 2.3, where a connection between non-
Gaussianity of the independent components and the purely geometric notion of symmetry is
made. This issue is related to our observation above that PCA does not work for recovering
sparsely-used orthogonal dictionaries: in the statistical setting, it can be related to rotational
invariance of the Gaussian distribution (Exercise 2.2).
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If we have only finite samples from the random variable X arranged into a
vector € = [z1,...,2n], we define kurtosis through their empirical average,
which yields

1 3
kurt(x) = N||:c||i — ﬁHwH% (2.2.21)

Finally, for random vectors, we define their kurtosis as the sum of each compo-
nent’s scalar kurtosis. Kurtosis is a natural loss function for ICA because for
Gaussian X, kurtosis is zero; the reader can verify further that the Bernoulli-
Gaussian distribution has positive kurtosis. Thus a natural procedure for seek-
ing non-Gaussian independent components is to search for a set of mutually-
orthogonal directions U € R¥** such that U X has maximal kurtosis, where
X =UZ e RP*N is the Bernoulli-Gaussian ICA data matrix (such that U ap-
proximates U up to permutations of the columns). Formally, we seek to solve
the problem

‘max kurt(U " X). (2.2.22)

UTU=1
At one extreme, we may set k = D and seek to recover the entire dictionary U
in a single shot. It can be shown that this problem can be solved with the MSP
algorithm we have seen previously. At the other extreme, we may set kK = 1 and
seek to recover a single direction (column of U) at a time, performing deflation,
i.e., replacing the data matrix X by (I —uu')X, after each step before finding
another direction. There is a natural tradeoff between the scalability of the
k = 1 incremental approach and the efficiency and robustness of the k = D
approach.

Incremental ICA: correctness and FastICA algorithm. The FastICA
algorithm, advanced by Hyvérinen and Oja [HO97], is a fast fixed-point algo-
rithm for solving the & = 1 kurtosis maximization scheme for ICA. The problem
at hand is

max kurt(X "a). (2.2.23)

llel3=1

First, we will perform some very basic analysis of this objective to verify its
correctness. Notice by the change of variables @ = U "4 that this problem is
equivalent to

max kurt(Z ).

lwl3=1
This objective is simple enough that we can make strong statements about its
correctness as a formulation for recovering the dictionary U. For example, in
the population setting where N — oo, we may use additivity properties of
the kurtosis (Exercise 2.5) and our assumed normalization on the independent
components to write the previous problem equivalently as

d
max kurt (z;)w;. (2.2.24)

b2
I3 i=1
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It can be shown that under the Bernoulli-Gaussian assumption, the optimiza-
tion landscape of this problem is “benign” (Exercise 2.7)—meaning that all
local maxima of the objective function correspond to the recovery of one of the
independent components.

In practice, we cannot directly compute the change of variables sending u to
w because it requires the ground-truth dictionary U, so we develop algorithms
directly for the w parameterization and the data matrix X. Then one efficient
and scalable way to compute one of these maxima is via first-order optimization
algorithms, which iteratively follow the gradient of the objective function and
project onto the constraint set {w | ||@/3 = 1}. Since we have assumed that
each z; satisfies Var(z;) = 1, we have for any 4, for large enough N

kurt(X Ta) ~ & || X "al; — 3|l (2.2.25)
We can then derive a corresponding approximation to the gradient:
Vakut(X Ta) ~ £ X (X Ta) - 12|a)3a.

The FastICA algorithm uses a fixed-point method to compute directions of
maximum kurtosis. It starts from the first-order optimality conditions for the
kurtosis maximization problem, given the preceding gradient approximation and
the constraint set, which read

X(XTa)? = (a,X(X " a)?) a, (2.2.26)
[ ——
A

where the specific value of A is determined using the unit norm constraint on
u. Exercise 2.6 describes the mathematical background necessary to derive
these optimality conditions from first principles. Equation (2.2.26) is satisfied
by any critical point of the kurtosis maximization problem; we want to derive
an equation satisfied by only the maximizers. After noticing that A\ = || X "al|$,
we equivalently re-express (2.2.26) as the modified equation

1 To3 o~ A ~
NX(X ) 3u = (N 3|, (2.2.27)

and realize that any maximizer of (2.2.23) must satisfy A/N — 3 > 0, assuming
that N is sufficiently large. Hence, we may normalize both sides of (2.2.27),
giving the following fixed-point equation satisfied by every maximizer of (2.2.23):

LX(XTa)* - 3a
lv X (X Ta)*s = 3all,

=a. (2.2.28)

Iterating the mapping defined by the lefthand side of this fixed point expression
then yields the FastICA algorithm of Hyvéirinen and Oja [HO97]:
ot = LX (X )" - 3q, (2.2.29)

at =ot/||ot,. (2.2.30)
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It turns out that the FastICA algorithm converges extremely rapidly (actually
at a cubic rate) to columns of the dictionary U; interested readers may consult
[HO97] for details. Comparing the FastICA algorithm (2.2.29) to the power
method studied in Section 2.1.1 for the PCA problem and the MSP algorithm
(2.2.18), we notice a striking similarity. Indeed, FastICA is essentially a modified
power method, involving the gradient of the empirical kurtosis rather than the
simpler linear gradient of the PCA objective.

2.3 A Mixture of Overcomplete Low-Dimensional
Subspaces

As we have seen, complete dictionary learning enjoys an elegant computational
theory in which we maintain a symmetric autoencoding structure &(x) = U "z,
D(z) = Uz, with a scalable power-method-like algorithm (the MSP algorithm)
for learning an orthogonal dictionary/codebook U from data. Nevertheless,
for learning representations of general high-dimensional data distributions, one
must expand the size of the codebook beyond the orthogonality requirement—
meaning that we must have A € RP*™ with m > D, corresponding to the
case of an overcomplete dictionary/codebook,' and the signal model

r=Az+e, |z|o=d<m. (2.3.1)

There are both geometric and physical/modeling motivations for passing to the
overcomplete case. Geometrically, recall that in our original reduction from
the mixture of subspace data model to the sparse dictionary model, a mix-
ture of K subspaces in RP, each of dimension d, led to a dictionary of shape
A € RP*Kd  In other words, overcomplete dictionaries correspond to richer
mixtures of subspaces, with more distinct modes of variability for modeling the
high-dimensional data distribution. On the modeling side, we may run a com-
putational experiment on real-world data that reveals the additional modeling
power conferred by an overcomplete representation.

Ezample 2.2. Given sampled images of hand-written digits, Figure 2.6(a) shows
the result of fitting an orthogonal dictionary to the dataset. In contrast, Fig-
ure 2.6(b) shows the result of running an optimization algorithm for learning
overcomplete dictionaries (which we will present in detail later in the Chapter)
on these samples. Notice that the representations become far sparser and the
codebooks far more interpretable—they consist of fundamental primitives for
the strokes composing the digits, i.e. oriented edges. |

In fact, overcomplete dictionary learning was originally proposed as a biolog-
ically plausible algorithm for image representation based on empirical evidence
of how early stages of the visual cortex represent visual stimuli [OF97; OF96].

In the remainder of this section, we will overview the conceptual and com-
putational foundations of overcomplete dictionary learning. Supposing that the

10We change the notation here from U to A in order to emphasize the non-orthogonality
and non-square-shape of the overcomplete dictionary A.
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model (2.3.1) is satisfied with sparse codes z, overcomplete dictionary A, and
sparsity level d, and given samples X = [x1,...,zy] of &, we want to learn
an encoder € : RP — R™ mapping each x to its sparse code z, and a decoder
D(z) = Az reconstructing each @ from its sparse code. In diagram form:

N Ny (2.3.2)

We will start from the construction of the encoder £. We will work incremen-
tally: first, given the true dictionary A, we will show how the problem of sparse
coding gives an elegant, scalable, and provably-correct algorithm for recovering
the sparse code z of . Although this problem is NP-hard in the worst case, it
can be solved efficiently and scalably for dictionaries A which are incoherent,
i.e. having columns that are not too correlated. The encoder architecture en-
compassed by this solution will no longer be symmetric: we will see it has the
form of a primitive deep network, which depends on the dictionary A.

Then we will proceed to the task of learning the decoder D, or equivalently
the overcomplete dictionary A. We will derive an algorithm for overcomplete
dictionary learning that allows us to simultaneously learn the codebook A and
the sparse codes z, using ideas from sparse coding. Finally, we will discuss a
more modern perspective on learnable sparse coding that leads us to a fully
asymmetric encoder-decoder structure, as an alternative to (2.3.2). Here, the
decoder will correspond to an incremental solution to the sparse dictionary
learning problem, and yield a pair of deep network-like encoder decoders for
sparse dictionary learning. This structure will foreshadow many developments
to come in the remainder of the monograph, as we progress from analytical
models to modern neural networks.

2.3.1 Sparse Coding with an Overcomplete Dictionary

In this section, we will consider the data model (2.3.1), which accommodates
sparse linear combinations of many motifs, or atoms. Given data {z;}~, C RP
satisfying this model, i.e. expressible as

x; = Az; + €i, Vi € [N] (233)

for some dictionary A € RP?*™ with m atoms, sparse codes z; such that ||z;||o <
d, and small errors e;, the sparse coding problem is to recover the codes z;
as accurately as possible from the data x;, given the dictionary A. Efficient
algorithms to solve this problem succeed when the dictionary A is incoherent
in the sense that the inner products a, a; are uniformly small, hence the atoms
are nearly orthogonal.'!
Note that we can collect the x; into X = [ml, e, iBN] € RPXN collect the
z; into Z = [zl,...,zN] € RN and collect the €; into E = [51,...,5N] €
RPXN | to rewrite (2.3.3) as
X=AZ+E. (2.3.4)

1 As it turns out, in a high-dimensional space, it is rather easy to pack a number of nearly
orthogonal vectors that is much larger than the ambient dimension [WM22].
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A natural approach to solving the sparse coding problem is to seek the sparsest
signals that are consistent with our observations, and this naturally leads to the
following optimization problem:

min {|X - AZ|3 +2|Z)}, (2.3.5)
ZERIXN

where the ¢! norm || Z||1, taken elementwise, is known to promote sparsity of the
solution [WM22]. This optimization problem is known as the LASSO problem.

However, unlike PCA or the complete dictionary learning problem, there is
no clear power iteration-type algorithm to compute the optimal Z*. A natural
alternative is to consider solving the above optimization problem with gradient
descent type algorithms. Let £(Z) = | X — AZ||3 + A||Z||;. Conceptually, we
could try to compute Z* with the following iterations:

Z~t+1 — Zt + T]V,C(Zt) (236)

However, because the term associated with the ¢! norm || Z||; is non-smooth, we
cannot just run gradient descent. For this type of function, we need to replace
the gradient VE(Z ) with something that generalizes the notion of gradient,
known as the subgradient L(Z):

Zi1 — Zy +n0L(Zy). (2.3.7)

However, it is known that the convergence of subgradient descent is usually
very slow. Hence, for this type of optimization problems, it is conventional to
adopt a so-called proximal gradient descent-type algorithm. We give a technical
overview of this method in Section A.1.3.

Applying proximal gradient to the LASSO objective function (2.3.5) leads to
the classic iterative shrinkage-thresholding algorithm (ISTA), which implements
the iteration

Z, ~ N(0,I), (2.3.8)
Z1 = SM(Z}—ZnAT(AZt—X)» VE > 1, (2.3.9)

with step size n > 0, and the soft-thresholding operator S, defined on scalars
by

r—ao, T>aq,

Sa(z) =140, —a<z<a (2.3.10)
r+a, < -«
= sign(z) max{|z| — «, 0}, (2.3.11)

and applied element-wise to the input matrix. As a proximal gradient descent
algorithm applied to a convex problem, convergence to a global optimum is as-
sured, and a precise convergence rate can be derived straightforwardly [WM22].
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We now take a moment to remark on the functional form of the update
operator in (2.3.9). It takes the form

Z,y1 = nonlinearity(Z; + linear ' (linear(Z;) + bias)). (2.3.12)
This functional form is very similar to that of a residual network layer, namely,
Z,y1 = Z; + linear] (nonlinearity(lineary(Z;) + bias;) + biasy, (2.3.13)

only decoupling the linear maps (i.e., matrix multiplications), adding a bias, and
moving the nonlinearity. The nonlinearity in (2.3.9) is notably similar to the
commonly-used ReLU activation function z — max{x,0} in deep learning—as
visualized in Figure 2.7, the soft-thresholding operator is like a “signed” ReLLU
activation, which is also shifted by a bias. The ISTA, then, can be viewed as a
forward pass of a primitive (recurrent one-layer) neural network. We argue in
Chapter 5 that such operations are essential to deep representation learning.

2.3.2 Overcomplete Dictionary Learning

Recall that we have the data model
X=AZ+ E, (2.3.14)

where Z is sparse, and our goal previously was to estimate Z given knowledge
of the data X and the dictionary atoms A. Now we turn to the more practical
and more difficult case where we do not know either A or Z and seek to learn
them from a large dataset.

A direct generalization of Equation (2.3.5) suggests solving the problem

min {| X — AZ|[} + A ZIl: } (2.3.15)
A Z

However, the bilinear term in Equation (2.3;15) introduces a scale ambiguity
that hinders convergence: given any point (A, Z) and any constant ¢ > 0, the
substitution (¢c1A,cZ) gives loss value

X —AZ||% + M| Z])s. (2.3.16)

This loss is evidently minimized over ¢ by taking ¢ — 0, which corresponds to
making the rescaled dictionary ¢=' A go ‘to infinity’. In particular, the iterates
of any optimization algorithm solving (2.3.15) will not converge.

This issue with (2.3.15) is dealt with by adding a constraint on the scale of
the columns of the dictionary A. For example, it is common to assume that
each column A; of the dictionary A in (2.3.14) has bounded ¢ norm—say,
without loss of generality, by 1. We then enforce this as a constraint, giving the
objective

 min {||X7AZ||%+)\||Z||1}. (2.3.17)
Z,A:||Aj]2<1
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Constrained optimization problems such as (2.3.17) can be solved by a host
of sophisticated algorithms [NWO06]. However, a simple and scalable one is
actually furnished by the same proximal gradient descent algorithm that we
used to solve the sparse coding problem in the previous section. We can encode
each constraint as additional regularization term, via the characteristic function
for the constraint set—details are given in Example A.1. Applying proximal
gradient descent to the resulting regularized problem is equivalent to projected
gradient descent, in which, at each iteration, the iterates after taking a gradient
descent step are projected onto the constraint set.

Remark 2.12 (£* maximization versus ¢! minimization). Note that the above
problem formulation follows naturally from the LASSO formulation (2.3.5) for
sparse coding. We promote the sparsity of the solution via the ¢! norm. Nev-
ertheless, if we are only interested in recovering the over-complete dictionary
A, the ¢/* maximization scheme introduced in Section 2.2.2 also generalizes to
the over-complete case, without any significant modification. Interested readers
may refer to the work of [QZL+20a].

The above problem (2.3.17), which we call overcomplete dictionary learning,
is nonconvex as here both A and Z are unknown. It cannot be solved easily by
the standard convex optimization toolkit. Nevertheless, because it is interesting,
simple to state, and practically important, there have been many important
works dedicated to different algorithms and theoretical analysis for this problem.
Here, for the interest of this manuscript, we present an idiomatic approach to
solve this problem which is closer to the spirit of deep learning.

From our experience with the LASSO problem above, it is easy to see that,
for the two unknowns A and Z, if we fix one and optimize the other, each
subproblem is in fact convex and easy to solve. This naturally suggests that we
could attempt to solve the above program (2.3.17) by minimizing against Z or
A alternatively, say using gradient descent. Coupled with a natural choice of
initialization, this leads to the following iterative scheme:

Z0H = SM(ZZ — oAl (A Z" - X)), Zl=o0, Yell] (23.18)
zt =27 (2.3.19)
Ap1 = Drojy(y,p<1,v (At ~2w(AZ" - X)(ZﬂT) )

where (A;); K" N(0,51), Vj€[m], Vtel[T], (2.3.20)

A, = Ar, (2.3.21)

where the projection operation in the update for A ensures each column has
at most unit £2 norm, via A; — A;/max{||A,|2,1}, and where A, is initial-
ized with each column ii.d. N'(0,5I). The above consists of one ‘block’ of
alternating minimization, and we repeatedly perform such blocks, each with in-
dependent initializations, until convergence. Above, we have used two separate
indices {t} and {¢} to indicate the iterations. As we will see later, this allows
us to interpret the two updates separately in the context of deep learning.
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Despite the dictionary learning problem being a nonconvex problem, it has
been shown that alternating minimization type algorithms indeed converge to
the correct solution, at least locally. See, for example, [AAJ+16]. As a practical
demonstration, the above algorithm (with L = T = 1) was used to generate the
results for overcomplete dictionary learning in Figure 2.6.

2.3.3 Learned Deep Sparse Coding

The main insight from the alternating minimization algorithm for overcomplete
dictionary learning in the previous section (Equations (2.3.18) and (2.3.20)) is
to notice that when we fir A, the ISTA update for Z* (2.3.18) looks like the
forward pass of a deep neural network with weights given by A (and AT ). But
in general, we do not know the true A, and the current estimate A, could be
erroneous. Hence it needs to be further updated using (2.3.20) based on the
residual of using the current estimate of the sparse codes ZT to reconstruct X.
The alternating minimization algorithm iterates these two procedures until con-
vergence. But we can instead extrapolate, and design other learning procedures
by combining these insights with techniques from deep learning. This leads
to more interpretable network architectures, which will be a recurring theme
throughout this manuscript.

Learned ISTA. The above deep-network interpretation of the alternating
minimization is more conceptual than practical, as the process could be rather
inefficient and take many layers or iterations to converge. But this is mainly
because we try to infer both Z and A from X. The problem can be significantly
simplified and the above iterations can be made much more efficient in the
supervised setting, where we have a dataset of input and output pairs (X, Z)
distributed according to (2.3.14) and we only seek to learn A’ for the layerwise
learnable sparse coding iterations (2.3.29):'2

Z" =S, (2" - 2m(A)T(A'Z" - X)), Vel (2.3.22)

If we denote the operator for each iteration as Z‘*! = f(A¢ Z*), the above
iteration can be illustrated in terms of a diagram:

f(Alf') f(A27') (AS") ZL f(AL") ZL+1 ~ Z

X,z z? z3 !
Thus, given the sequential architecture, to learn the operator A¢ at each layer, it
is completely natural to learn it, say via back propagation (BP),'? by minimizing

the error between the final code Z¥ and the ground truth Z:

. 2
min |z*(A',... A" - Z|,. (2.3.23)

12We drop the “tilde” accents here for concision, as the indexing makes the optimization-
dependence clear.
13See Section A.2 for a brief description of BP.
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This is the basis of the Learned ISTA (LISTA) algorithm [GL10], which can
be viewed as the learning algorithm for a deep neural network, which tries
to emulate the sparse encoding process from X to Z. In particular, it can
be viewed as a simple representation learning algorithm. In fact, this same
methodology can be used as a basis to understand the representations computed
in more powerful network architectures, such as transformers. We develop these
implications in detail in Chapter 5.

Sparse Autoencoders. The original motivation for overcomplete dictionary
learning was to provide a simple generative model for high-dimensional data.
We have seen with LISTA that, in addition, iterative algorithms for learning
sparsely-used overcomplete dictionaries provide an interpretation for ReL.U-like
deep networks, which we will generalize in later chapters to more complex data
distributions than (2.3.14). But it is also worth noting that even in the mod-
ern era of large models, the data generating model (2.3.14) provides a useful
practical basis for interpreting features in pretrained large-scale deep networks,
such as transformers, following the hypothesis that the (non-interpretable, a pri-
ori) features in these networks consist of sparse “superpositions” of underlying
features, which are themselves interpretable [EHO422b]. These unsupervised
learning paradigms are generally more data friendly than LISTA, as well, which
requires large amounts of labeled (X, Z) pairs for supervised training.

We can use our development of the LISTA algorithm above to understand
common practices in this field of research. In the most straightforward instan-
tiation (see [GTT+25; HCS+24]), a large number of features from a pretrained
deep network h are collected from different inputs «;, which themselves are
chosen based on a desired interpretation task.!* For simplicity, we will use h to
denote the pre-selected feature map in question, with D-dimensional features;
given N sample inputs, let H € RP*N denote the full matrix of features of h.
Then a so-called sparse autoencoder f : R? — R?, with decoder g : R — RP,
is trained via the LASSO loss (2.3.5):

win | H — g(f (ED))) | + M fED)). (2.3.24)

where the sparse autoencoder f takes the form of a one-layer neural network, i.e.
f(h;) = 0(Wenc(h; — b) + bep ), where o(x) = max{xz, 0} is the ReLU activation
function, and the decoder g is linear, so that g(z;) = Wyecz + b.1°

For example, the inputs «; could correspond to texts containing samples of computer
code in different programming languages, with our task being to try to identify interpretable
features in a transformer feature map h corresponding to different salient aspects of the input,
such as the specific programming language (distinct across input “classes”) or the need to insert
a matching parenthesis at the current position (common across input “classes”). We discuss
the use of deep networks, and in particular transformers, for text representation learning in
greater detail in Chapter 8.

15Since f is a sparsifying operator, we denote it analogously to the previously used f, say in
LISTA where f denotes an optimization algorithm to sparsely encode the input. Throughout
the book, f will be used to denote such sparse and otherwise structured transformations,
including those of deep network encoders (Chapters 4 and 5).
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The parameterization and training procedure (2.3.24) may initially seem
to be an arbitrary application of deep learning to the sparse coding problem,
but it is actually highly aligned with the algorithms we have studied above
for layerwise sparse coding with a learned dictionary. In particular, recall the
LISTA architecture Z% = f(AL, f(A*=1 ... f(A', X)---)). In the special
case L = 2, we have

Z? = (A", X) = S;n (2" —2n(AH)T (A Z' - X)). (2.3.25)

Let us assume that the sparse codes Z in question are nonnegative, i.e., that
Z > 0. Then (see Example A.3), we can consider an equivalent LISTA
architecture obtained from the sparse coding objective with an additional non-
negativity constraint on Z as

Z? = f(A', X) =max {Z' —2n(A")T(A'Z' — X) — M1,0},  (2.3.26)
and after some algebra, express this as

Z? = f(A', X) = max {2n(A")T + (Z' —2n(A")TA'Z' — A1) ,0}.

(2.3.27)
Given the ability to change the sparse code initialization Z' as a learnable
parameter (which, in the current framework, must have all columns equal to
the same learnable vector), this has the form of a ReLU neural network with
learnable bias—identical to the sparse autoencoder f! Moreover, to decode the
learned sparse codes Z2, it is natural to apply the learned dictionary Z2 —
A'Z2. Then the only difference between this and the SAE decoder g is the
additional bias b, which can technically be absorbed into H and f in the training
objective (2.3.24).

Thus, the SAE parameterization and training procedure coincides with LISTA
training with L = 1, and a modified training objective—using the LASSO objec-
tive (2.3.5), which remains unsupervised, instead of the supervised reconstruc-
tion loss (2.3.23) used in vanilla LISTA. In particular, we can understand the
SAE architecture in terms of our interpretation of the LISTA architecture in
terms of layerwise sparse coding in (2.3.29). This connection is suggestive of a
host of new design strategies for improving practical interpretability methodol-
ogy, many of which remain tantalizingly unexplored. We begin to lay out some
connections to broader autoencoding methodology in Chapter 6.

Layerwise learned sparse coding? In the supervised setting, LISTA pro-
vides a deep neural network analogue of the sparse coding iteration, with layerwise-
learned dictionaries, inspired by alternating minimization; even in the unsuper-
vised setting, the same methodology can be applied to learning, as with sparse
autoencoders. But the connection between low-dimensional-structure-seeking
optimization algorithms and deep network architectures goes much deeper than

16Tn the data generating model (2.3.14), an arbitrary dictionary-and-sparse-code pair (A, Z)
can be replaced by one in which Z > 0 simply by doubling the number of columns in A, so
from a modeling perspective, this is a very mild assumption.
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this, and suggests an array of scalable and natural neural learning architectures
which may even be usable without backpropagation.

As a simple illustration, we return the alternating minimization iterations
(2.3.18) and (2.3.20). This scheme randomly re-initializes the dictionary A;
on every such update. An improvement uses instead warm starting, where the
residual is generated using the previous estimate A, for the dictionary. If
we then view each ISTA update (2.3.18) as a layer and allow the associated
dictionary, now coupled with the sparse code updates as Ay, to update in time,
this leads to a “layerwise-learnable” sparse coding scheme:

Z'=0, (A); """ N(0,LI), V)€ [m], (2.3.28)
Z" =80 (Z2" —2m(Ay) T (A Z" - X)), (2.3.29)
Appr = Ay — (A2 — X)) (2T, (2.3.30)

Note that this iteration corresponds to a relabeling of (2.3.18) and (2.3.20) for
T = L = 1, over infinitely many blocks. Each of the ‘inner’ steps updating Z
can be considered as a one-layer forward pass, while each of the ‘outer’ steps
updating A can be considered as a one-layer backward pass, of a primitive
deep neural network. In particular, this algorithm is the simplest case in which
a clear divide between forward optimization and backward learning manifests.
This distinction between forward updates to the ephemeral “features” Z of data
X versus backward updates to the persistent parameters A is still observed in
current neural networks and autoencoders—we will have much more to say
about it in Chapter 5 and in Chapter 6.

Notice that the above layer-wise scheme also suggests a plausible alternative
to the current end-to-end optimization strategy that primarily relies on back
propagation (BP) detailed in Section A.2.3. Freeing training large networks
from BP would be one of the biggest challenges and opportunities in the future,
as we will discuss more at the end of the book in Chapter 9.

2.4 Summary and Notes

Key Messages. The idealistic models we have presented in this chapter—
PCA, ICA, and dictionary learning—were developed over the course of the
twentieth century. Many books have been written solely about each method, so
we only attempted here to give a broad overview of the key concepts and results.
As we will see in coming chapters, although these are arguably rather idealistic
simple models for low-dimensional data distributions, the basic ideas and even
resulting algorithms to identify such distributions can be naturally generalized
or extended to arbitrary low-dimensional distributions — the thesis of this book.
In addition, as we will see in coming chapters, these basic (linear) models, to
a large extent, can also serve as local prototypes to effectively approximately
model general distributions with nonlinear low-dimensional structures.
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More History and References. Jolliffe [Jol86] attributes principal com-
ponent analysis to Pearson [Pea0l], and independently Hotelling [Hot33]. In
mathematics, the main result on the related problem of low-rank approxima-
tion in unitarily invariant norms is attributed to Eckart and Young [EY36], and
to Mirsky for full generality [Mir60]. PCA continues to play an important role
in research as perhaps the simplest model problem for unsupervised represen-
tation learning: as early as the 1980s, works such as Oja [Oja82] and Baldi and
Hornik [BH89] used the problem to understand learning in primitive neural net-
works, and more recently, it has served as a tool for understanding more complex
representation learning frameworks, such as diffusion models [WZZ+24].

Independent component analysis was proposed by B. Ans et al. [BJC85]
and pioneered by Aapo Hyvérinen in the 1990s and early 2000s in a series
of influential works: see Hyvérinen and Oja [HOO0O0b] for a summary. As a
simple model for structure that arises in practical data, it initially saw significant
use in applications such as blind source separation, where each independent
component z; represents an independent source (such as sound associated to a
distinct instrument in a musical recording) that is superimposed to produce the
observation x = Uz.

The problem of dictionary learning can, in the complete or orthogonal case,
be seen as one of the foundational problems of twentieth-century signal process-
ing, particularly in linear systems theory, where the Fourier basis plays the key
role; from the 1980s onward, the field of computational harmonic analysis crys-
tallized around the study of alternate such dictionaries for classes of signals in
which optimal approximation could only be realized in a basis other than Fourier
(e.g., wavelets) [DVD+98]. However, the importance of the case of redundant
bases, or overcomplete dictionaries, was only highlighted following the pioneer-
ing work of Olshausen and Field [OF97; OF96]. Early subsequent work es-
tablished the conceptual and algorithmic foundations for learning sparsely-used
overcomplete dictionaries, often aimed at representing natural images [AEBOG;
DMO03; Don01; EA06; GJB15; MBP14; MKO07]. Later, a significant amount
of theoretical interest in the problem, as an important and nontrivial model
problem for unsupervised representation learning, led to its study by the signal
processing, theoretical machine learning, and theoretical computer science com-
munities, in particular focused on conditions under which the problem could be
provably and efficiently solved. A non-exhaustive list of notable works in this
line include those of Spielman et al. [SWW12] and Sun et al. [SQW17a] on the
complete case; Arora et al. [AGM+15]; Barak et al. [BKS15]; and Qu et al.
[QZL+20a]. Many deep theoretical questions about this simple-to-state prob-
lem remain open, perhaps in part due to a tension with the problem’s worst-case
NP-hardness (e.g., see Tillmann [Til15]).

One point that we wish to highlight from the study of these classical analyt-
ical models for low-dimensional structure is the common role played by various
generalized power methods—algorithms that very rapidly converge, at least lo-
cally, to various types of low-dimensional structures. The terminology for this
class of algorithms follows the work of M. Journée et al. [MYP+10]. At a
high level, modeled on the classical power iteration for computation of the top
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Table 2.1: Summary of (generalized) power methods presented in this chapter.

Problem Algorithm Tteration Type of Structure Enforced
PCA Power Method — u; = % 1-dim. subspace (unit vector)

X (X T8 —3u,

ICA FastICA Upy1 = W
2

1-dim. subspace (unit vector)

Complete DL MSP Algorithm  Upyy = Pop)y[(U: X)X 7] D-dim. subspace (ortho. matrix)

eigenvector of a semidefinite matrix A € R™*", that is

Aut

_ 2.4.1
TAuls’ (2.41)

Ui+l =
this class of algorithms consists of a “powering” operation involving a matrix
A associated to the data, along with a “projection” operation that enforces a
desired type of structure. Table 2.1 presents a summary of the algorithms we
have studied in this chapter that follow this structure. The reader may appre-
ciate the applicability of this methodology to different types of low-dimensional
structure, and different losses (i.e., both the quadratic loss from PCA, and the
kurtosis-type losses from ICA), as well as the lack of such an algorithm for
overcomplete dictionary learning, despite the breadth of the literature on these
algorithms. We see the development of power methods for further families of
low-dimensional structures, particularly those relevant to applications where
deep learning is prevalent, as one of the more important (and open) research
questions suggested by this chapter.

The connection we make in Section 2.2.1 between the geometric mixture-of-
subspaces distributional assumption and the more analytically-convenient sparse
dictionary assumption has been mentioned in prior work, especially by those
focused on generalized principal component analysis and applications such as
subspace clustering, e.g., work of Vidal et al. [VMS16]. The mixture of subspaces
assumption will continue to play a significant role throughout this manuscript,
both as an analytical test case for different algorithmic paradigms, and as a
foundation for deriving different deep network architectures, as with LISTA in
Section 2.3.3, but which can scale to more complex data distributions.

2.5 Exercises and Extensions

Exercise 2.1. Prove that, for any symmetric matrix A, the solution to the prob-
lem maxgeo(p,q) tr (UTAU) is the matrix U* whose columns are the top d
unit eigenvectors of A.

Exercise 2.2. Let z ~ N(0,0%I) be a Gaussian random variable with indepen-
dent components, each with variance o2. Prove that for any orthogonal matrix
Q (ie., QTQ = I), the random variable Qz is distributed identically to z.
(Hint: recall the formula for the Gaussian probability density function, and the
formula for the density of a linear function of a random variable.)
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Exercise 2.3. The notion of statistical identifiability discussed above can be
related to symmetries of the model class, allowing estimation to be understood
in a purely deterministic fashion without any statistical assumptions.

Consider the model X = U Z for matrices X,U, Z of compatible sizes.

1. Show that if A is any square invertible matrix of compatible size, then the
pair (UA, A71Z) also equals X under the model. We call this a GL(d)

symmetry.

2. Suppose each column of Z is an independent and identically distributed ob-
servation from a common statistical model z, which moreover has zero mean
and independent components z; with positive variance. Show that for any
square invertible matrix A, if Az has uncorrelated components, then A can
be written as D1QD>, where @ is an orthogonal matrix and Dy, Dy are
diagonal matrices. This links the “independence” assumption in ICA to a
“symmetry breaking” effect, which only allows scale and rotational symme-
tries.

Exercise 2.4. Consider the model # = Uz, where U € RP*? with D > d is
fixed and has rank d, and z is a zero-mean random variable. Let xq,...,xn
denote i.i.d. observations from this model.

1. Show that the matrix X = [z,...,xy] has rank no larger than d, and
therefore there is an orthonormal matrix V' € RP*?4 so that X = VY,
where Y € RN (Hint: use PCA.)

2. Show that the whitened matriz (Y'Y T)~1/2Y exists in expectation whenever
Cov(z) is nonsingular, and that it has identity empirical covariance.'”

3. Show, by using the singular value decomposition of U, that the matrix
V can be chosen so that the whitened matrix satisfies (Y'Y T)"1/2Y =
Wz1,...,zn], where W is an orthonormal matrix.

Ezercise 2.5. Let X and Y be zero-mean independent random variables.
1. Show that kurt(X +Y) = kurt(X) + kurt(Y").
2. For any «a € R, show that kurt(aX) = o kurt(X).

Exercise 2.6. Let f : R? — R be a given twice-continuously-differentiable objec-
tive function. Consider the spherically-constrained optimization problem

max f(u). (2.5.1)

flull3=1

In this exercise, we will derive the expressions we gave in the FastICA derivation
for maximizing kurtosis over the sphere via a gradient ascent algorithm. These

17In particular, it can be proved mathematically that this is enough to guarantee that the
whitened matrix exists with high probability whenever z satisfies a suitable concentration
inequality and N is sufficiently large.
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expressions are special cases of a rich theory of calculus and optimization on
manifolds, of which the sphere is a particular example. A deep technical study
of this field is out-of-scope for our purposes, so we only mention two key refer-
ences for the interested reader: the pioneering textbook by Absil, Mahony, and
Sepulchre [AMS09], and a more recent introductory treatise by Boumal [Bou23].

1. For any constraint set M that is a differentiable submanifold of R?, the
tangent space at a point u € M is, informally, the best local linear approx-
imation to the manifold M at the point uw. In the important special case
where M is defined locally at w as a level set of a function F : R — R, that
is

UnM=F~1({0})

for some open set U C M with u € U, the tangent space to M at u can be
calculated via differentiation:

TuM =Ker(DF,,).

It is easily seen that the sphere has the defining equation F(u) = ||ulj3 — 1.
Show, using these facts, that the tangent space to the sphere at u is given
by
T,S% ' = {v e R | (v,u) =0},
-

and that the orthogonal projection onto this subspace is Pr =TI —uu .

2. The vector field
grad f(u) = PEVf (2.5.2)

is known as the Riemannian gradient of the function f restricted to the
sphere. The first order optimality conditions for the optimization problem
(2.5.1) can be expressed in terms of the Riemann gradient:

grad f(u) = 0.

Geometrically, this says that the Euclidean gradient of f at w must be or-
thogonal to the tangent space to the sphere at w. Now suppose v € R? is
nonzero. Show that

v

lu—vl2 = 7——
[oll2’

projga-1(v) = mi
llw]l3=1

using the first-order optimality conditions.

3. In optimization over R?, one checks the second-order optimality conditions
(to determine whether a critical point is a maximizer, a minimizer, or a saddle
point) using the Hessian matriz V2 f(u). Show, by differentiating the Rie-
mann gradient grad f(u) for the sphere with respect to w as in the first part
of this exercise, that the corresponding object for determining second-order
optimality conditions for sphere-constrained optimization is the Riemannian
Hessian, defined as

Hess f(u) = Py (V2 f(u) — (Vf(u),u)I) Py (2.5.3)
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Exercise 2.7. In this exercise, we sketch an argument referred to in the litera-
ture as a landscape analysis for the spherically-constrained population kurtosis
maximization problem (2.2.24). We will show that when there is at least one
independent component with positive kurtosis, its global maximizers indeed
lead to the recovery of one column of the dictionary U. For simplicity, we will
assume that kurt(z;) # 0 for each i =1,...,d.

1. Using the results of Part 1 of Exercise 2.6, show that the first-order optimality
condition for (2.2.24) is

d
<Z kurt(zﬁw?) w = kurt(z) © w?, (2.5.4)
i=1

where the kurtosis is calculated elementwise, ©® denotes elementwise multi-
plication of vectors and w®? denotes the elementwise cube of its argument.

2. Show that the vectors w with unit norm that also satisfy (2.5.4) all take the
following form. Let St = {i € [d] | kurt(z;) > 0}, and S~ = {i € [d] |
kurt(z;) < 0}. Let S be a subset either of ST or S~. Then

1

L N ; 2.5.
wg Z — e (2.5.5)

1
€S (ZZ) ZjGS kurt(z;)

satisfies (2.5.4), where e; is the vector with a 1 in the i-th position and Os
elsewhere, and the + sign denotes the choice of either a positive or negative
sign.

3. Assume that there is at least one ¢ such that kurt(z;) > 0. Using the results
of Part 2 of Exercise 2.6, show that the only local maxima of the objective of
(2.2.24) are the signed one-sparse vectors +e; with i € S*. Conclude that the
global maximizers of (2.2.24) are the signed one-sparse vectors corresponding
to components with maximum kurtosis. (Hint: count the number of positive
and negative eigenvalues of the Riemannian Hessian (2.5.3) at each critical
point.)

4. Now assume that kurt(z;) < 0 for every j = 1,...,d. This corresponds to
an “over-deflated” instantiation of the kurtosis maximization problem. Using
again the results of Part 2 of Exercise 2.6, show that the only local maxima of
the objective of (2.2.24) are the signed dense vectors Z?Zl +e;. This shows
that the optimization formulation (2.2.24) cannot be applied naively.

Ezercise 2.8. This exercise follows the structure and formalism introduced in
Exercise 2.6, but applies it instead to the orthogonal group O(d) = {U € R¥*? |
U'U = I}. Consult the description of Exercise 2.6 for the necessary conceptual
background; the formalism applies identically to the case where the ambient
space is the set of d x d matrices as long as one recalls that the relevant inner
product on matrices is (X,Y) = tr(X 'Y). An excellent general reference for
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facts about optimization on the orthogonal group is Edelman, Arias, and Smith
[EAS98].

Let f : R4 — R be a given twice-continuously-differentiable objective
function. Consider the orthogonally-constrained optimization problem

hax Q). (2.5.6)

1. Tt is easily seen that the orthogonal group has the defining equation F(Q) =
Q' Q = I. Show, using this fact, that the tangent space to the orthogonal
group at @ is given by

TQO(d) ={QQ e R | QT = -0},
and that the orthogonal projection onto this subspace is
Proo(a)(A) = Qskew(Q " A),

where skew(A) = (A — AT) is the orthogonal projection onto the set of
skew-symmetric matrices. The vector field

grad f(Q) = Pryo.a) (V(Q)) (2.5.7)

is known as the Riemannian gradient of the function f restricted to the
orthogonal group. The first order optimality conditions for the optimization
problem (2.5.6) can be expressed in terms of the Riemann gradient:

grad /(Q) = 0.

2. Show, by differentiating the Riemann gradient grad f(Q) for the orthogo-
nal group with respect to @ as in the first part of this exercise, that the
Riemannian Hessian is given by

Hess f(Q) = Pryow) (V2F(Q) —sym(Q TV f(Q)) ® I) Pryo(a). (2.5.8)

where sym(A) = (A + AT) denotes the orthogonal projection onto the set
of symmetric matrices, and ® denotes the Kronecker product of matrices.
Take care to interpret the operators appearing in the previous expression as
linear transformations on d X d matrices, not as d X d matrices themselves.
The second-order optimality conditions for the optimization problem (2.5.6)

can be expressed in terms of the Riemann Hessian:

Hess f(Q) < 0.

For a minimization problem, the sign is reversed.

(Hint: The key is to manipulate one’s calculations to obtain the form (2.5.8),
which is as compact as possible. To this end, make use of the following
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isomorphism of the Kronecker product: if A, X, and B are matrices of
compatible sizes, then one has

(BT ® A)vec(X) = vec(AX B),

where vec(X) denotes the “left-to-right” stacking of the columns of the matriz

argument into a vector. We use this isomorphism in (2.5.8) in order to

define the Kronecker product of two matrices as an operator on matrices in
a canonical way.)

. Now suppose X € R¥*? is full-rank. In this and the next part of the exercise,
we consider the projection onto the orthogonal group of X:

' X)= mi — X|3. 2.5.9
Projo(qy (X) ouan Q % (2.5.9)

We will prove that the solution to this problem is given by
projo(q)(X) =UV',
where X = USV " is a singular value decomposition of X.

1. Using the first and second-order optimality conditions, show that every
local minimizer @ of (2.5.9) satisfies

@"x)' =Q7x,
Q'X ~o0.
(Hint: use linearity of the Kronecker product in either of its two arguments

when the other is fized.)

2. Using these conditions, argue that at every local minimizer @ of (2.5.9),
one has Q" X = (X" X)Y2. (Hint: Use the fact from linear algebra that
if 8 = 0 is a symmetric positive semidefinite matriz, then (ST S)1/? = §.)

3. Using the singular value decomposition X = USV T, conclude that

UV = projoq)(X).
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Figure 2.6: Comparison of learned dictionary atoms for complete (orthogonal)
and overcomplete dictionaries, trained to reconstruct 8 by 8 patches taken from
MNIST digits. Both dictionaries are trained for 6000 epochs on 10* random
patches with nontrivial content, and sparse codes are computed with the LASSO
objective and A = 0.1 (see (2.3.5)). Colormaps have black for negative values,
and white for positive values. Top: An orthogonal dictionary learned with
the MSP algorithm (2.2.18) is constrained to have no more than 64 atoms; the
learned atoms roughly correspond to a “spike and slab” dictionary, and achieve
relatively poor reconstruction sparsity levels on held-out test data (codes are
approximately 17-sparse on average, with respect to a threshold of 10~1). Bot-
tom: In contrast, an overcomplete dictionary (here, with 8% atoms; we visualize
a random subset of 64) learns semantically-meaningful dictionary atoms corre-
sponding to signed oriented edges, which can be pieced together to create digit
patches and achieve superior reconstruction and sparsity levels. Codes are ap-
proximately 20-sparse on average, while being 8 times larger than those of the
orthogonal dictionary. To compute the dictionary, we use an optimizer based on
proximal alternating linearized minimization on a suitably-regularized version
of (2.3.17).
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Figure 2.7: The graph of the soft thresholding function Sy (solid) compared to
the ReLU activation « — max{z,0} (dashed). Between —\ and +), the value
of Sy is clipped to 0, while large inputs’ (absolute) value is simply shrunk by A.
Unlike ReLLlU, Sy is symmetric and acts on both positive and negative inputs.



